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ABSTRACT
An analytical knockout-ablation-coalescence model capable of making quantitative
predictions of the neutron and light-ion spectra from high-energy nucleon-nucleus and
nucleus-nucleus collisions is being developed for use in space radiation protection
studies.

The FORTRAN computer code that implements this model is called

UBERNSPEC. The knockout or abrasion stage of the model is based on Glauber multiple
scattering theory. The ablation part of the model uses the classical evaporation model of
Weisskopf-Ewing.

In earlier work, the knockout-ablation model was extended to

incorporate important coalescence effects into the formalism. Recently, the coalescence
model was reformulated in UBERNSPEC and alpha coalescence incorporated.

In

addition, the ability to predict light ion spectra with the coalescence model was added.
Earlier versions of UBERNSPEC were limited to nuclei with mass numbers less than 68.
In this work, the UBERNSPEC code has been extended to include heavy charged
particles with mass numbers as large as 238. Representative predictions from the code
are compared with published measurements of neutron energy and angular production
spectra and light ion energy spectra for a variety of collision pairs.
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SYMBOLS AND DESCRIPTIONS
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mass number

B

two-body slope parameter, fm2

b

impact parameter, fm

c

speed of light, m/sec

E

energy, MeV

F

fragment

F*

prefragment

Fl

probability of emission of ion l
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scattering operator, fm

gn

statistical weight

Im

imaginary part of function

J m(1)

cylindrical Bessel function of first kind of order m
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projectile target relative wave number, fm-1
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wave number of emitted neutrons, fm-3

M

mass, MeV/c2

mN

nucleon mass, MeV/c2

N1

single-collision term
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number of abraded nucleons

n(p)

momentum distribution
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Fourier transform of nucleon momentum distributions

P

projectile
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function describing projectile spectators
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AT
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target
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level density of residual nucleus
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internal nuclear coordinate, fm3
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component of r
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separation energy, MeV
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momentum transfer, fm-3

α

ratio of real to imaginary parts of fNN

β

relative projectile target velocity

Γ

profile function

δ(x)

Dirac delta function

ζ

target constituent

μn

neutron mass

ξ

defined in equation (27)

Λn

defined in equation (26)

ρ(r)

one-body density, fm-3
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one-body density matrix, fm-3

σ

cross section, mb
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single-particle wave function
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velocity of light (m/s)
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Ψ

complete nuclear wave function
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abraded nucleons (projectile constituents)

NN
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1.

INTRODUCTION

A new vision for space exploration in the 21st Century includes extending human
exploration to the Moon, Mars and beyond the Earth’s orbit for scientific discovery, and
it leads to a new focus on long duration, deep space missions. To accomplish these
missions, the safety of the crews needs to be addressed. The natural space environment is
dominated by high-energy heavy-charged (HZE) particles, which are a major source of
radiation dose to human crews and electronic components in a spacecraft. Studies also
show that some of the secondary particles can penetrate the Earth’s atmosphere. These
doses are a possible health risk to airplane crews and passengers on high attitude longdistance flights [2; 51; 81; 122]. The most probable cause of mortality from chronic
exposure in space missions is the induction of late-occurring cancers. Other health risks
include cataract formation and the possibility of damage to the central nervous system
[81]. Although the radiobiological risks from these HZE particles are the subject of
numerous experimental and theoretical investigations, the actual risks are essentially
unknown as a result of the complexity of the space environment containing various type
of particles, energies and amount of radiations from these particles, and the lack of
human exposure data for many of these particle types and energies [81; 90; 103]. To
establish protection from these high-energy radiations during long-term space
exploration, accurate and precise radiation transport models and efficient and effective
shielding designs are required. To accomplish this goal, the development of appropriate
nuclear databases for the transport models used for space radiation shielding design is
necessary.
The main goal of this present study is to provide a reliable database of relevant nuclear
cross sections to use in the radiation transport model calculations. The methods of
generating the nuclear databases for secondary particle productions from HZE transport
are often obtained from semi-empirical formulations and theoretical models. In this work
the fundamental physics for the secondary particle production modeling is described by a
fragmentation theory based upon the abrasion-ablation process. This two-stage process
1

incorporates the simple idea that the interaction between two relativistic heavy particles,
projectile P and target T, can be visualized as the projectile P moving at initial
momentum p colliding with the stationary target T, and the overlapping portions of their
nuclear volumes are then sheared off by the collision [10; 67; 68; 82] as illustrated in
Figure 1.1 (re-illustrated from Giacomelli et al. [54]). This is the abrasion (or knock out)
process. The remaining piece of projectile or target, called a prefragment or spectator,
continues on its initial trajectory with its pre-collision velocity. The final state of both the
projectile and target nucleus is reached when the excited prefragments decay by emitting
gamma rays and/or they disintegrate into fragments and nucleons. This process is known
as ablation. The production cross sections of these nuclear fragments and isotopes are
needed as an input into the radiation transport code in order to properly describe the
transmitted radiation fields.

Figure 1.1: Schematic of the abrasion-ablation reaction and corresponding momentum at
each step according to the fire-ball model [10]. The two-step reaction is illustrated as the
projectile P colliding with the target T. As a result, the system partitions into 3 parts:
projectile spectator A (prefragment), target spectator B, and participant C. This is the
abrasion or knockout process. The prefragment is then de-excited and decays to the
ground state; this process is known as ablation. The figure is adapted from Giacomelli et
al. [54].

2

This work is based on extending the theoretical abrasion-ablation model presented in
Cucinotta et al. [26] for predicting secondary neutron production from HZE particle
collisions.

Braley et al. [11] initially extended this abrasion-ablation model by

incorporating the coalescence effects into the formalism to predict the loss of neutrons
through production of light ions. Light ion production in these nuclear collisions was
first introduced by Butler and Pearson [13], who calculated the production of deuterons
from the high-energy proton collisions. Awes et al. [1] presented theoretical coalescence
effects and the measurements of energetic protons 1H(p), deuterons 2H(d), tritons 2He(t),
helions 3He(h) and alphas 4He(α). The fundamental assumption of the coalescence
model is that two nucleons whose relative momentum is small and which are physically
close together coalesce to form particles such as the light particles (A ≤ 4) previously
mentioned.
Currently there are a few nuclear fragmentation cross section models and limited nuclear
fragmentation databases that can be adequately used for radiation assessment and
shielding from the high-energy heavy-ions in the space radiation environment. One of
these nuclear models is the NUCFRG2 code [117], which has been used widely to
construct nuclear fragment databases at high energy, and incorporated into the highenergy heavy-fragment transport codes such as HZETRN [28; 92] and HETC-HEDS
[76]. The basic physics for the NUCFRG2 code follows the geometric overlap approach
by Bowman et al. [10] to describe the abrasion-ablation process with some additional
approximations and corrections included in the model. Another nuclear model is the
QMSFRG code which was developed by Cucinotta and collaborators [29] based on the
quantum mechanical optical approach of Glauber multiple-scattering theory. The main
focus of the QMSFRG code is the ability to calculate light-ion production cross sections
by incorporating coalescence effects.

Note that the underlying physics of the

UBERNSPEC and the QMSFRG codes are similar.
To achieve the goal of developing an accurate and reliable nuclear fragmentation cross
section model for HZE particle interactions, improvements of the previous abrasionablation-coalescence version are required. These modifications, which are the main
3

focus in this work, include
A. Reformulating of the coalescence model in the UBERNSPEC code to predict light
ion spectra
B. Extending the coalescence model to include the contributions from α production
C. Extending the code to handle mass numbers greater than 68
D. Expanding the coalescence calculations to other p 0 (coalescence radii in
momentum space) values
E. Correcting significant existing coding errors in transforming between various
reference frames
As described in subsequent sections, validation of the calculations obtained from
UBERNSPEC is made by comparisons of predicted and measured nuclear fragmentation
cross sections.
The remaining chapters in this report are divided as follows: Chapter 2 describes the
fundamental formalism of the knockout-ablation-coalescence model including the
literature review; Chapter 3 discusses previous work on UBERNSPEC presented in
Cucinotta et al. [26] and in Braley et al. [11]; Chapter 4 presents a description of the
current UBERNSPEC code and its modifications ; Chapter 5 displays sample results and
comparisons with experimental data; and Chapter 6 is conclusions and suggestions for
future work.

Lastly, the list of references and appendices are presented, including

detailed coding in the UBERNSPEC program.
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2.

KNOCKOUT-ABLATION-COALESCENCE FORMALISM

2.1. Literature review
The scattering of high-energy heavy-ion particles has been described using a variety of
concepts. One of the successful approaches is the abrasion-ablation model, which has
been discussed in detail in several of the references [10; 67; 68; 82; 98]. In the abrasionablation process, two relativistic heavy ions (the projectile and target nuclei) collide with
each other resulting in an overlap of their nuclear volumes which are suddenly sheared
away by the collision. The nuclei are assumed to have sharp spherical surfaces. The
projectile is assumed to travel in a straight-line trajectory [82; 99] with its pre-collision
velocity after the collision, whereas the target is assumed to be stationary. The process
by which the overlapping nuclear portions are sheared away by the collision is known as
the abrasion or knockout process. Nucleons from the projectile and target interacting in
the geometrical overlap zone are therefore called participants; the other nuclear fragments
outside the interaction zone are known as spectators [68].

After the collision, the

participants and spectators (prefragments) decay by emitting gamma rays and/or other
nuclear particles. This is the ablation process.
In the abrasion stage of the collision, cross sections can be modeled by two different
formalisms: (1) using the classical geometric overlap model [10; 60; 82], and (2) using
expressions based on the Glauber multiple-scattering theory [8; 67]. In the classical
geometric overlap model, the physical concept is simple: the colliding nuclei are treated
classically as spheres with uniform densities, sharp surfaces, and straight-line trajectories
[99]. The number of abraded nucleons is related to the volume of the overlapping
regions. Using the concept of the liquid drop model for the nucleus, the cross sections of
abraded nuclei are given by [10; 82]

σ abr ( APF ) = π [b ( APF + 0.5) 2 − b ( APF − 0.5) 2 ]

(1)

where b is the abrasion impact parameter and APF is the prefragment mass number; APF =
5

Ap – n, where Ap is the projectile mass numbers and n is the number of abraded nucleons.
The basic assumptions of this geometric abrasion model are that there is no energy
dependence in any variables and the neglect of the diffuse nuclear surface [99].
The alternative (and more complex) abrasion-ablation model is based on the Glauber
multiple-scattering theory. Unlike the classical geometric overlap model, the Glauber
multiple-scattering model uses a quantum mechanical formulation based upon an optical
limit potential approximation to the nucleus-nucleus multiple-scattering series [98]. The
formalism is fully energy dependent, uses realistic nuclear density distributions, and
includes the finite nuclear force effects for a nucleon-nucleon interaction [98]. In the
multiple-scattering series with optical potential approximation, the cross section produced
by the abrasion process is
n
⎛ AP ⎞ 2
⎟⎟ ∫ d b[1 − P(b)] P(b) APF
⎝n ⎠

where

σ abr ( APF ) = ⎜⎜

(2)

P(b) = exp[− AT σ (e) I (b)]

(3)

I (b) = [2π B(e)]

−3 / 2

and

∫ d z0 ∫ d

ξ T ρ T (ξ T )

3

⎡
y2 ⎤ .
3
(
)
d
z
y
ξ
exp
y
ρ
b
+
+
+
−
0
P
T
⎢
⎥
∫
⎣ 2 B (e) ⎦

(4)

The variable e is defined as the nucleon-nucleon kinetic energy in their center of mass
frame, z0 is the target center of mass position in the projectile rest frame, ξT represents
target nucleus internal coordinates, and y is the projectile-target nucleon relative
coordinates. The parameters: σ(e) (the nucleon-nucleon cross section) and B(e) (the
nucleon-nucleon elastic scattering slope parameter) were obtained from compilations [3].
In the following subsection, a broad literature review involving the development of this
alternative abrasion-ablation model using the Glauber multiple-scattering approach is
described. The investigation of the high-energy heavy-ion multiple scattering interaction
process began as a part of a nuclear structure study [50], based on the simplest nucleondeuteron collision process, including the effects of both single and double scattering [42].
Numerous theoretical approximations for treating high-energy collisions have been
6

presented in the literature, but for this review, the only focus is the Glauber theoretical
analysis, which was first developed for predicting total cross sections for high-energy
collisions of nucleons and π mesons with deuterons, based on the assumption that the
single scattering of the neutron and proton in the deuteron after the collision with incident
nucleons or mesons can be treated as independent events using the generalized diffraction
method [55]. In the later seminal paper “High-Energy Collision Theory” by Glauber
[56], the mathematically comprehensive theory began with a discussion of a general and
simple single elastic scattering problem, and then developed into the high-energy
applications. Unlike the previous approach, the “High-Engergy Collision Theory” work
[56] involved the use of an empirical optical limit approach, which depends on the
fluctuations and correlations of the individual nucleons. The main difference between
these two methods is that the former method (also known as the full Glauber multiplescattering series) is generally limited to use with a light particle (A ≤ 4) for either or both
the projectile and target and is tediously time consuming [46]. The later method is
simpler and yields a general means for calculating cross sections from complex scattering
processes [47].
The extension of the optical potential method in Glauber multiple-scattering theory has
appeared in a number of studies [33; 34; 42; 43; 44; 48; 63] in terms of correlations and
corrections to the usual optical limit approach, which is widely known for describing
hardron-nucleon scattering collisions. The extension of the optical model approach by
Franco [42] involved reformulations of the theoretical analysis to be more general and
accurate by incorporating an Eikonal diffraction approximation (or single- or doublescattering treatments [59]) to predict the differential cross section for double scattering
and the effects of spin-independent interactions. Similar work was also presented by
Harrington [63]. Another study by Franco and Glauber [43] presented an improvement
of the generalized Glauber theoretical analysis by accounting for the contributions of
various cross-section correlations such as single and double scattering and their
interference terms. The authors showed that for high-energy proton-deuteron elastic
collisions the double scattering collision becomes the dominant process at scattering
away from the forward direction. Subsequent work presented by Czyż and Maximon
7

[33] involved a generalized formulation of the elastic scattering amplitude at small
scattering angles for composite particles. The calculation of elastic scattering using
matter densities of the composite units was constructed. The resultant comparisons with
the measured data showed that a more refined version of the multiple-scattering approach
(which would account for large scattering angles) was needed in order to improve the
calculations. At the end, the authors discussed briefly the use of the optical potential
model versus the classical optical limit approach in Glauber theory, and the improved
version showed a better fit with the experimental data. Harrington [64] indicated that the
cancellation of the off-shell corrections by the higher order terms in the multiplescattering expansion is necessary for the validity of the Glauber theory in the high-energy
small-angle optical potential method with two-body interactions. The author demonstrated
how the cancellation can be done and also developed the expressions in term of the offshell two-particle t matrices, the Green’s functions and time dependent operator using the
Eikonal approximation. Similar work was also presented in Osborn [83]; both studies
from Harrington [64] and Osborn [83] stated that the Glauber theoretical analysis yields
exact, not an approximate solution, and the corrections of this approach are necessary to
obtain accurate predictions. In work presented by Osborn [83], Glauber theory was
obtained without the Eikonal approximation and the new formalism was derived from the
unitarized impulse approximation outside of the Eikonal scattering predictions. More
details of a unitarized impulse treatment are presented in later subsections.
Due to two important limitations: the elastic scattering divergence of momentum transfer
as nuclear mass becomes larger, and the lack of the additional correlation for treating the
spreading of the center-of-mass wave function [48], further studies to improve the optical
limit into a more general approach were developed. Franco [45] presented very simple
and useful analytical expressions for treating heavy-ion elastic scattering at high energy
with Coulomb effects included. The results were accurate only at small momentum
transfers since the point charge approximation for Coulomb scattering nuclei is not valid
at large momentum transfer and leads to divergence at the end. In the sequent study [46],
the author developed the numerical analysis using previously presented expressions for
any given nucleon in either projectile or target to undergo multiple-scattering collisions.
8

This approach later known as the optical phase shift potential approach works well for
predicting total cross sections and fragmentation cross sections for nucleus-nucleus
scattering. The construction of the exact optical phase shift function was presented in
Franco and Tekou [48]. It is showed that the use of this modified approach leads to
significant improvement in the nucleus-nucleus total cross sections and elastic scattering
differential cross sections and reduction of the divergence problem at large momentum
transfers. The work by Franco and Nutt [47] and [50] also illustrated the effects of Pauli
correlations in the expansion of the optical phase shift potential approximation. The
authors concluded that the inclusion of the short-range correlations is necessary to reduce
the problem presented in the classical optical limit approach such as divergence of elastic
scattering at large momentum transfer and the addition of the center-of-mass correlations.
Up to now, the works discussed involve corrections and extensions of the usual optical
model to the new optical phase shift approach and successfully applying this model to
Glauber multiple-scattering theory. In the following subsections a few attempts to
develop simple, yet general high-energy heavy-ion multiple-scattering interactions using
an impulse approximation approach are described [15; 16; 17; 40; 41; 59; 69; 71; 86;
105]. The basic idea of impulse approximation was introduced by Chew [15] in an
attempt to explain the high-energy elastic scattering process for neutron and deuteron
total cross sections using an alternative method other than the Born approximation. The
fundamental assumptions underlying the approximation are the following: (1) There is
only a single interaction of the incident particle with a target nucleon at a time, (2) The
amplitude of the incident wave stays nearly the same as if it is alone; and (3) The effect
of the binding force during the strong collision phase is negligible [16; 17]. As a result,
the explicit formula for the double scattering process was presented. However, Watson
[105] mentioned that these treatments appear to be too complicated for describing a
systematic multiple-scattering problem and for a derivation of the optical models. The
approximation introduced by Watson [105] involves a separation of the coherent and the
incoherent effects in the solution to the Schrödinger equation (assuming a large number
of scattering nucleons) and the systematic corrections to the model appear to be quite
straightforward. The author, however, concluded that the use of the optical potential
9

model for nucleon-nucleon interactions is difficult and needed further study due to the
lack of detailed knowledge of the two-nucleon interaction process. A few years later,
very detailed studies [14; 94] introduced both experimental and theoretical expressions
for nucleon-nucleon (especially proton-proton) scattering amplitudes at high energy.
Further work by Bethe [6] demonstrated a success in using these nucleon-nucleon
scattering amplitude expressions to predict the forward angular elastic distribution. This
theoretical analysis of the nucleon-nucleon scattering amplitude was re-examined, and
the optical model potential was derived, based on the two nucleon scattering amplitude
by Kerman et al. [69]. The model includes the Coulomb potential of the nuclear charge
distributions, ignores the interference between the amplitudes at each individual collision,
and expresses as the exact S-matrix scattering series operator. Feshbach and Hüfner [39]
reported that the series of the optical model potential by Kerman et al. [69] contains
highly complicated phases as it depends on the dynamic structures of both projectile and
target nuclei. The first term in the scattering series, according to the authors, represents
scattering events expressed in terms of a single-particle density of the target nucleus. The
second term is similar to two-body correlation functions. The work by Feshbach and
Hufner [39], furthermore, focused on the explanation and validation of these correlations
for numerical calculations, and derived the relation between the generalized semiclassical
coupled solutions using the optical potential scattering and the Glauber expressions for
the multiple-scattering process.
The connection between the Glauber multiple-scattering approximation theory and the
Watson impulse approximation was presented in several studies. Osborn [83] showed that
the fundamental physical properties of the Glauber addition formalism not only resolve
the exact three-body Eikonal scattering problem and are unitary, but also include the
impulse approximation and the shadow scattering effects. (The shadow scattering effect
is defined as a well-defined shadow of the incident nucleon causing the double scattering
effects by the other nucleon to be reduced as the longitudinal distance increases to
infinity [55].) The author referred to the works by Pumplin [85] and Bhasin and Verma
[7], which claimed that the Glauber theory is a truncated form of the Watson multiplescattering theory. Pumplin [85], furthermore, presented a formulation of the corrections
10

for the small-momentum drawback at high energy by including the higher-order multiplescattering terms. Similar expressions were described by Remler [87]. Expansions of the
Pumplin and Remler approximation were developed by Wilson [109]; as a result, a
simple but accurate form of two-body elastic double scattering amplitude including both
projectile and target recoil motion was demonstrated that is applicable at all momentum
transfers. The approximated amplitudes were evaluated explicitly within the context of a
Gaussian model.

Subsequent work, also by Wilson [110], focused on an extended

expression for the optical potential operator and evaluated the new multiple-scattering
series for composite systems. The new and more accurate exact multiple-scattering
amplitude series including all target recoil terms and neglecting two-body scattering
assumptions was developed and appeared to be a natural extension of the Watson impulse
formalism. The new optical potential model showed advantages over the classical model
as: (1) The exact scattering series converged quickly at large momentum transfer [96],
and (2) The approximation yields to more accurate predictions even for high-energy
heavy-ion scattering and for light-ion collisions [114].
This review cannot be complete without a discussion of the works that involved the
development of the abrasion (knockout)-ablation theory. As described at the beginning
of this review, the abrasion-ablation model was developed based on two different
processes: the classical geometric overlap and the Glauber multiple-scattering models. It
is believed that the model was first described by Bowman and collaborators [67]. The
work by Hüfner et al. [67], which is used as a physical basis for this analysis, involves the
derivations of general expressions for calculating abrasion-ablation cross sections within
the Glauber multiple-scattering theory. In the Hüfner approach, the abrasion was treated
as an inelastic scattering process and a few simple approximations including the optical
phase shift model and the coherent formalism were used to derive the abrasion cross
section expression. Furthermore, frictional spectator interaction (FSI) effects (caused
when a participant nucleon scatters through the remaining fragment matter of a spectator
depositing additional energy before it leaves the nucleus) were included to improve the
calculations of the fragmentation cross sections.

The authors concluded that the

abrasion-ablation-FSI model provides satisfactory prediction results for the fragmentation
11

cross section in high-energy heavy-ion reactions. Further development by Oliveira et al.
[82] used the abrasion-ablation model of Bowman et al. [10] with the clean-cut fireball
model [107] for developing the abrasion stage. In the ablation process, the focus was on
following projectile and target spectator fragments to the end.

The preliminary

comparisons of this unmodified abrasion-ablation model with experimental data showed
the need to include additional surface energy depositions into the ablation process in
order to reduce the overestimated production cross sections. The authors then presented a
computational model, which included the FSI mechanism, and the resultant comparisons
between the theoretical and experimental data were significantly improved.
Clearly, high-energy heavy-ion fragmentation is a complex process, which requires a
great deal of understanding in fundamental physical theory of the scattering process.
The rest of the chapter will now focus on the two studies, which form the basis of the
current research effort. These are the original the works by Cucinotta et al [26] and
Braley et al. [11]. In the following sections, brief derivations of the knockout-ablation
cross sections are presented. More extensive details can be found in the references.

2.2. Knockout-Ablation Model
In this study, the knockout-ablation model (with extended approximations) is used for
predicting secondary neutron and light ion production cross sections. The underlying
physical concepts of the knockout-ablation process are briefly reviewed in the following
subsections. The model is based upon an optical potential approximation to the quantummechanical Glauber multiple-scattering theory. The expression for secondary neutron
production in both stages [10; 11; 110] is given in terms of the nucleon momentum
distribution for each step:

⎛ dσ ⎞
⎛ dσ ⎞
⎛ dσ ⎞
⎜⎜
⎟⎟
⎟⎟ + ⎜⎜
⎟⎟
= ⎜⎜
⎝ d k ⎠ total ⎝ d k ⎠ ko ⎝ d k ⎠ abl

(5)

where k is the wave number of the emitted neutrons and p = ħk is neutron momentum.
The subscripts ko and abl refer to knockout and ablation respectively. Note that the
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neutron cross sections produced from the ablation process can be separated into the
elastic fragmentation and the spectator reaction [52]. The derivations of the nucleon
momentum distribution for each reaction are discussed in the following subsections.
2.2.1. Knockout model
2.2.1.1. Glauber multiple-scattering theory
The fundamental theory in this work for the knockout (abrasion) cross section is based on
the Glauber multiple-scattering formalism [55; 56] with the optical potential
approximations. The main focus of this work uses the approximations developed by
Cucinotta et al [26], Franco and Tekou [48], Hüfner et al. [67], Townsend [96], Wilson
[110], Wilson and Townsend [114], and others.

Abrasion is an inelastic scattering

process [38; 67]. The nature of this step involves a number of nucleons from the
projectile nucleus with relativistic momentum and energy colliding into a stationary
target nucleus. In the collision a relatively small number of nucleons are removed and a
considerable amount of energy deposited into the remaining prefragment [68]. This is
similar to a Monte Carlo intra-nuclear cascade process [30]. The following derivation is
a synopsis of the knockout stage presented in Cucinotta et al. [26]. Starting with the
simplest type of the scattering problem, Glauber [56] presents the corresponding
differential cross section as
dσ =

Flux through dΩ
2
= f (q) dΩ
Incident flux

(6)

σ scatt = ∫ f (q) dΩ
2

where f(q) is the elastic scattering amplitude. For high energy particle collision, d2q term
is assumed to equal to d2k, and ħq is the momentum transfer. In the Glauber formalism
with the Eikonal coupled-channels approximation, the heavy-ion scattering amplitude of
a projectile P and a target T for a basic nucleon-nucleon (NN) collision is represented by

f (q) =
and

ikN
d 2 b e i q⋅b 〈Γ(b)〉 ,
2π ∫

Γ(b) = 1 − e i χ ( b )

(7)
(8)
13

where ħq denotes as the momentum transfer, ħkN represents the incident momentum of a
nucleon, b is the impact parameter vector perpendicular to the direction of the incident
beam and Γ(b) is the profile function. In the case of the spin-independent nucleon
scattering to a ground state, the nucleon-nucleon phase shift function χ (b ) can be
expressed in matrix operators as [45]
e

i χ (b )

∏ [1 − Γ (b − s

AP AT

= ψ Pψ T

ij

i

]

− s j ) ψ Pψ T

(9)

i, j

where i and j denote as the projectile and target constituents, ψP and ψT are the nuclear
wave functions of the projectile and target and Γi,j (b – si – sj) represents the nucleonnucleon profile function for the collision of the projectile nucleon i located at si and the
target nucleon j located at sj. The si and sj refer to the projectile and target center of mass
where the projectile moves in the z direction. Note that the phase shift function χ (b ) can
be expressed in terms of the Fourier transform inverse function as [21]

χ (b) =

1
2 π k NN

∑∫d

2

q e i q⋅b e i q⋅s i e

i q⋅s j

(10)

f NN (q)

i, j

where fNN is the nucleon-nucleon (NN) scattering amplitude and kNN is the NN relative
wave number. (Appendix A contains more detail of the derivation of the optical limit
functions.)
2.2.1.2. Differential cross section
The development in this section follows closely that presented in Cucinotta et al [23; 26]
and references therein. Eq. (6) is expanded using the relationship of the scattering
amplitude in eq. (7) and the kinematical phase space of nucleon in each state. The
differential cross section for the scattered nucleon is then given as

dσ =

(2π )4
β

n

∑ d p X d p F * ∑∏ d p j δ ( Ei − E f ) δ (p i − p f ) T f i
X

2

(11)

n =1 j =1

where pX denotes as the single momentum vector for all states, β is the relative projectile
target velocity, F* is the excited prefragment, n is the number of nucleons abraded from
the projectile in the overlap region with the target, and i and f denote the initial and final
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states, respectively. The term Tfi denotes the nuclear matrix element between initial and
final states. The parameter d p F * is defined as
d p F* = d p F ∏ d p r

(12)

r =0

where r denotes the ions emitted in the ablation process. When energy-momentum
conservation in the projectile rest frame is treated, the phase space momentum can be
transformed into the momentum transfer of each state. The cross section then becomes
dσ = (2π )

4

n

∑ d q T S ∏ d p r ∑∏ d q j T f i

(13)

n =1 j =1

r =0

X

2

where qT is the transverse momentum transfer, qL is the longitudinal momentum transfer,
qj is the momentum transfer for each state and the phase space factor S is defined as

S=

1 ⎛ − ∂E f
⎜
β ⎜⎝ ∂ q L

⎞
⎟⎟ .
⎠

(14)

The momentum distribution for the projectile-target scattering is derived by
differentiating eq. (11) as
dσ
4
= (2π ) ∑ ∫ d q T
dp
X

n

∑ ∫∏dp ∏ dp
n =1

j

j =2

2

r

S Tf i .

(15)

r =0

The expression above can be replaced by S = ∫ dq L δ ( E i − E f ) → ∫ dE F * δ ( E i − E f ) ,
expanding the nuclear wave function into the matrix representation at the ground state,
and then rearranging into
dσ ⎛ 1 ⎞
=⎜
⎟
dk ⎝ 2π ⎠

2

∑ ∫ dE
X

F*

d 2 q d 2 b d 2 b ′e iq⋅(b −b′) δ ( Ei − E f ) ×

⎡ dk j ⎤
〈T P | Γ ′(b ′) | X F *k j 〉 〈k j F * X | Γ(b) | PT 〉
⎢
3⎥
∫∏
(
2
)
π
j =2 ⎣
⎦
n

(16)

where E F * is the prefragment excitation energy, kj is the wave number vector of abraded
nucleon, P denote as the projectile, and T and X represent the initial and final target
states, respectively. At high energy and summing over X , the momentum distribution
is found as
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dσ ⎛ 1 ⎞
=⎜
⎟
dk ⎝ 2π ⎠

2

∫ dE

F*

d 2 q d 2 b d 2 b′ e iq⋅(b −b′) σ n (b, b ′, k , q, E F * ) .

(17)

The parameter Wn is described by the plane wave of the momentum kj and energy as
⎧ n ⎡ dk j ⎤
⎫
−
δ
E
E
(
)
⎪⎪∫ ∏ ⎢
⎪⎪
⎥
i
f
3
σ n (b, b ′, k , q, E F * ) = 〈 T ⎨ j = 2 ⎣ (2π ) ⎦
⎬ T〉 .
⎪
⎪
*
*
⎪⎩〈 P Γ ′(b ′) F k j 〉〈 k j F Γ(b) P〉 ⎪⎭

(18)

Note that the delta function term describes the conservation in energy from the initial to
the final state during the momentum transfer and the Ei – Ef term is defined as

Ei − E f = ε B − ∑
j =2

k 2j

(19)

2 mN

where εB is the energy lost by the projectile (which include the energy transferred from
B

the initial to final states), and the second term is the total energy loss in the collision.
Introducing the Fourier transform pair of Rn (E):
d t iω t
e Rn (t ) ,
2π

(20)

k 2j t 2 mn
⎧
⎫
⎡ d k j ⎤ − iε B t i ∑
j=2
e e
⎪ n ⎢
⎪
3⎥
σ n (t ) = 〈T ⎨∫ ∏ ⎣ (2π ) ⎦
⎬ T〉
⎪ j =2
⎪
*
*
〈 P Γ ′(b ′) F k j 〉 〈k j F Γ(b) P〉 ⎭
⎩

(21)

Rn (t ) = ∫ dω e −iω t Rn (ω )

and

Rn (ω ) = ∫

Eq. (18) becomes

The assumption of no observation of the final state of the target in the abrasion model is
applied. There are n nucleons knocked out from Ap projectile nucleons, and
therefore AF * = A p − n . The relationship of the knockout participants and the core
spectator is used to separate the wave functions into more simple forms as
⎧⎛ AP ⎞
+
*
*
⎪⎜ ⎟ 〈 F ∏ Q j (b′ − s′j ) F 〉 〈 F ∏ Q j (b − s j ) F 〉
n
j
j
⎪⎝ ⎠
n
⎪
dkj
i k1 ⋅ x1 +
⎪
′
′
′
×
d
r
d
r
e
Q
(
b
−
s
)
Q
(
b
−
s
)
[
∏
1
1
1
1
1
1
σ n (t ) = 〈 T ⎨
∫
∫ (2π )3 d r j d r′j
j =2
⎪
− k 2t 2 m
i k ⋅x
⎪
× e j j e − iε Bt e j N Q +j (b′ − s′j ) Q j (b − s j )]
⎪
⎪⎩
× φn+ (r1′,L , rn′ ) φn (r1 ,L , rn )

⎫
⎪
⎪
⎪
⎪
⎬ T〉
⎪
⎪
⎪
⎪⎭

(22)
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AT

where xj = rj – r ′j (the internal coordinate components) and Q = ∏ (1 − Γζ , j ) . Rearranging
ζ =1

eq. (22) into the probability distribution function for the abrasion process using coherent
approximation for target wave function in intermediate states and the independent
particle model for the fragment wave function, the cross section for the abraded nucleons
can be expressed in simple form as

⎛ AP ⎞ AP − n
dN
⎟⎟ P
(b, b ′) Λ n −1 (b, b ′, t ) 1
dk
⎝n ⎠

σ n (t ) = ⎜⎜

(23)

where the probability function for the projectile spectator is given as
P

Ap − n

(b, b ′) = 〈 T F

∏Q

+
j

(b ′ − s ′j ) F * 〉 〈 F *

j

∏Q

j

(b − s j ) F T 〉 ,

(24)

j

and the target response function is defined
3
⎧
− mn x 2j
⎡
⎤⎫
2
⎛
⎞
m
2i t
⎪⎪ n ⎢ d r d r′
N
ρ (r j ,r′j ) ⎥ ⎪⎪
e
Λ n −1 (b, b′, t ) = 〈 T ⎨ ∫ ∏ ⎢ j j ⎜⎝ 2π i t ⎟⎠
⎥ ⎬ T〉 .
⎥⎪
⎪ j =2 ⎢ +
⎢⎣× Q j (b′ − s′j ) Q j (b − s j )
⎥⎦ ⎪⎭
⎪⎩

(25)

The response function in eq. (25) is transformed into energy space as
⎧
⎡ d r j d r′j ρ (r j ,r′j ) Q +j (b′ − s′j ) Q j (b − s j ) ⎤ ⎫
⎪
⎢
⎥⎪
3( n −1)
⎪ n ⎢
[3( n −1) / 2]−1
⎥ ⎪⎪
m ⎛ 1 ⎞ 2 ξ n −1
⎪
⎥ ⎬ T〉
Λ n −1 (b, b′, TF * , k ) = 〈 T ⎨ ∫ ∏ ⎢ × N ⎜
⎟
[3( n −1) / 2]−1
2
2
π
x
⎢
⎥
⎝
⎠
2
=
j
1
−
n
⎪
⎪
⎢
⎥⎪
1
⎪
×
J
(
ξ
x
)
[3( n −1) / 2]
n −1 n −1
⎢
⎥⎪
⎪⎩
⎣
⎦⎭

(26)

where J m1 is the cylindrical Bessel function of the first kind of order m and TF * is the
recoil energy of prefregment. The parameter ρ(r, r΄) is the projectile one-body density
matrix, given as ρ(r, r΄) = ф+(r΄) ф(r) given that ф is the ground-state single-particle
wave function. Assuming the projectile remains in the ground state throughout the
collision, the energy transfer term becomes

ξ n−1 = 2 mn (ε B − k 2 2m N ) ,

(27)

and the coordinate x n −1 becomes
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x n −1 =

n

∑x

2
j

.

(28)

j =2

Assuming forward-peaked density matrices and a small argument expansion of the Bessel
functions [21; 22; 23; 26], the response function for a target becomes
⎡
⎤
k2
Λ n −1 (b, b ′, TF * , k ) ≈ C n −1 ⎢TF * +
− S n − ( ET − E X ) ⎥
2m n
⎣
⎦
ξ
⎛
⎞
× Λn1−1 ⎜⎜ b, b ′, n −1 ⎟⎟ + O(ξ 4 x 4 )
n −1 ⎠
⎝

n −1

(29)

where some sample of quantities Cn-1 are given as C1 = 1, C2 = π 4 , C3 = π 105 and C4 =

π 2 240 .
The last term in eq. (23) is defined as

dN1
1
=
d r d r ′ e i k ⋅x ρ (r, r ′) Q +j (b ′ − s ′) Q j (b − s) .
3 ∫
d k (2π )

(30)

2.2.1.3. Knockout total cross section
Substituting all the definitions for eq. (23) into eq. (17), the nucleon momentum
distribution from knockout process is expressed as
⎛ dσ
⎜⎜
⎝ dk

⎞
⎛A ⎞ 1
A −n
⎟⎟ = ∑ ⎜⎜ P ⎟⎟
d 2 q d 2 b d 2 b ′e i q (b −b′) P p (b, b ′)
2 ∫
n ⎝ n ⎠ ( 2π )
⎠ ko
.
dN1
d T * Λ n −1 (b, b ′, TF * , k )
dk ∫ F

(31)

At very high energy, the approximation of eq. (31) becomes

⎛ dσ
⎜⎜
⎝ dk

⎞
⎛A ⎞ 1
dN1
A −n
⎟⎟ = ∑ ⎜⎜ P ⎟⎟
d T * Λ n −1 (b, TF * , k )
d 2 b P p (b)
2 ∫
dk ∫ F
n ⎝ n ⎠ ( 2π )
⎠ ko

(32)

where the first collision term is modified to include the effect of final-state interactions
from the abraded nucleons using the Eikonal approximation described in Cucinotta [23]
as
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dN1
1
i k ⋅ x − 2 Im χ − y
′
=
d
r
d
r
e
e
ρ (r, r ′) Q +j (b ′ − s′) Q j (b − s)
3 ∫
d k (2π )

(33)

where χ- is the outgoing Eikonal phase [25]. Considering the concept of an inclusive
nucleon production originating from the projectile, the inclusive momentum distribution
is given from eq. (32) as

⎛ dσ
⎜⎜
⎝ dk

⎞
⎛A ⎞
dN n
A −n
⎟⎟ = ∑ ⎜⎜ P ⎟⎟ ∫ d 2 b P p (b)
dk
n ⎝n ⎠
⎠ ko

where

dN n dN1
=
[1 − P(b)]n−1
dk
dk

and

∫ dk

dN1

(34)
(35)

d k = 1 − P(b) .

(36)

The total abrasion cross section for abrading n nucleons is then expressed as

⎛A ⎞

σ ko = ⎜⎜ P ⎟⎟ ∫ d 2 b P
⎝n ⎠

Ap − n

(b) [1 − P(b)] .
n

(37)

2.2.2. Ablation model
In the ablation stage, the prefragment nuclei give up their excess energies by evaporating
fragment nucleons, light-ion clusters and gamma rays while decaying into the ground
state [68]. Due to the complexity of the process related to prefragment thermalization,
temperature dependence of fragments, and the underlying physics of the evaporation
model, the expressions for the ablation step are more difficult to develop. In this work,
the derivation of the ablation cross section follows closely the approach described in
Cucinotta et al. [26], which in sequence follows the fundamental approaches presented in
several previous studies [25; 37; 70; 77; 78; 82; 106]. One of previously mentioned
studies [100] indicated that the rate that the prefragment decays by emission of nuclear
particles depends on the magnitude (or strength) of the excitation energies. Considering
the excitation spectra as using average energies, the neutron spectrum from the ablation
process is calculated using a Weisskopf-Ewing statistical decay model. The secondary
neutron momentum distribution in the projectile rest frame is written as
19

⎛ dσ ⎞
⎜⎜
⎟⎟ = ∑ σ abr A j , Z j , E *j Pn ( j , k )
d
k
j
⎝
⎠ abl

(

)

(38)

where the total abrasion cross section is derived from eq. (37) and Pn (j,k) is defined as
the probability that a prefragment labeled j with mass number Aj, charge number Zj, and
the excitation energy E *j , emits a nucleon with momentum k. To simplify the calculation
of the probability term, the prefragment mass is assumed to be substantially large. The
assumption of isotropic emission spectrum is also applicable for the statistical model [70;
106]. The probability function then becomes [70]
Pn ( j , E n ) =

2 μ n g n E nσ CN w0 ( E *j − E n )

∑F

(39)

l

l

where μn is the neutron reduced mass, gn is the statistical weight, σC N is the formation
cross section by the inverse process, and w0 is the level density of the residual nucleus.
The denominator in eq. (39) is defined as
El* − S j

Fl =

∫ P ( j, E ) d E .
l

(40)

0

As mentioned previously all of the calculations are done in the projectile rest frame. To
transform the neutron production into the lab frame, the neutron cross sections for
ablation in eq. (38) are multiplied by the neutron energies to form Lorentz invariant cross
sections which have the same values in all reference frames.

2.3. Coalescence model
The development of the coalescence formalism described in the following section is a
synopsis of the theory presented by Awes et al. [1]. The concept of the composite
particle production as part of high-energy heavy-charged particle collisions has been
reported in the context of empirical and theoretical studies [12; 13; 60; 62; 72; 91]. The
basic physical assumption of the coalescence model is that during high-energy heavycharged particle reactions the secondary light ions (also known as composite particles)
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are produced by the coalescence of particles which happen to share the same volume and
momentum space. Coalescence of nucleons was first introduced by Butler and Pearson
[13] as the coalescence of cascade nucleons, and later was modified by Schwarzschild
and Zupančič [91] to include the production of light ions such as the deuteron from the
interactions among the secondary cascade nucleons and with the nuclear field, and as a
result, the excess momentum and energy are transferred.

Based on the theoretical

formalism presented by both studies, Awes et al. [1] introduced the coalescence model
using a Poisson distribution to calculate the composition of the secondary light ions. The
probability P for finding one primary nucleon in the coalescence volume centered at a
momentum per nucleon p is given by the product of this volume with the single nucleon
momentum density
4π 3 γ d 3 N (p)
P=
p0
3
m d p3

(41)

where d 3 N (p) d p 3 denotes the differential nucleon multiplicity, p 0 is the critical radius
for coalescence in the momentum space, m is the average nucleon multiplicity, and γ =
1+T/m (c ≡ 1). Assuming an independent probability for the observation of neutrons and
protons, the average probability for finding N neutrons and Z protons in the coalescence
volume is
(m Z PZ ) Z (m N PN ) N
P( N , Z ) =
.
Z!
N!

(42)

The parameter P ( N , Z ) in eq. (42) represents the probability of forming composite
particles in the coalescence volume. The neutron distribution therefore is calculated by
multiplying the weighted ratio N/Z of the composite particles to the proton distributions
of that system as
d 3 N (0,1) N P + N T d 3 N (1,0)
=
Z P + ZT
d p3
d p3

(43)

where Np and Nt are the projectile and target neutron numbers, and Zp and Zt are the
projectile and target charge numbers. Substituting eqs. (41) and (43) into eq. (42) and
dividing by the coalescence volume, the differential composite multiplicity at relativistic
energies is given as
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N

d 3 N ( Z , n)
1 ⎛ N P + N T ⎞ ⎛ 4π γ 3 ⎞
⎜
⎟ ⎜
=
p0 ⎟
3
N ! Z ! ⎜⎝ Z P + Z T ⎟⎠ ⎝ 3
dp
⎠

A−1

⎡ d 3 N (1,0) ⎤
⎢
⎥
3
⎣ dp
⎦

A

(44)

where Z, n, and A are the composite particle charge, neutron number and mass,
respectively.

Note that d 3 N (p) d p 3 , the differential nucleon multiplicity per event, is

related to the nucleon momentum distribution by
d 3N
d 3σ
1 d 3σ
1
=
=
d p 3 σ 0 d p 3 σ 0 p 2 dp d Ω

(45)

where σ 0 is the projectile-target total reaction cross section. It is also important to note
that the evaluation of the neutron differential cross section and its momentum distribution
occurs in the rest frame of the projectile. However, all differential cross sections are
required to be evaluated in the laboratory rest frame or the center of mass frame. The
Lorentz invariant differential cross section is related to the double differential cross
section as
En

d 3σ
d 2σ
1
=
d p 3 pn d En d Ω n

(46)

where En, pn, Ωn are kinetic energy, momentum, and direction of nucleon n in the
laboratory rest frame. To transform the composite spectrum into the lab rest frame using
the Lorentz invariant technique, eq. (44) is substituted into eq. (45), and then converted to
the Lorentz invariant cross section of the composite system using eq. (46). The double
differential momentum distribution is expressed as
d 2σ ( Z , n )
d 2σ ( n )
= R ( Z , n)
d E n dΩ
d E n dΩ

(47)

where

A 2 ⎛ n P + nT
⎜
R ( Z , n) =
N ! Z ! ⎜⎝ Z P + Z T

⎞
⎟⎟
⎠

N

⎛ 4π p 03
⎜⎜
⎝ 3σ 0 p n m

⎞
⎟⎟
⎠

A−1

.

(48)

Note that the critical radius p 0 previously mentioned is treated as a free parameter derived
from experimental observation. A wide range values for p 0 have been proposed. In this
work, results presented are based on calculations with values of p 0 described in Awes et
al. [1] and Nagamiya et al. [79].
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3.

PREVIOUS UBERNSPEC WORK

3.1. Work of Cucinotta and collaborators
The following is adapted from Cucinotta et al. [26], which presented an extended version
of the original abrasion-ablation model by Hüfner et al. [67] to calculate momentum
distributions for nucleon production in heavy ion collisions. The model also included a
calculation of the energy spectrum of the knockouts (the abrasion process) in the overlap
region of the collision using the optical potential approximation applied in Glauber
multiple-scattering theory. The calculation of the neutron production from the ablation
stage is based upon the estimation of excitation energies from the abrasion stage using the
classical evaporation model. To some extent the physics of this model is similar to that
in intranuclear cascade codes that use Monte Carlo methods [30; 57; 67]. In the ablation
process, furthermore, the concept of frictional spectator interaction (FSI) energy is
introduced and the contribution from FSI energies is included in final calculations. The
FSI concept is based on the assumption that some abraded nucleons from the projectile
are scattered into rather than away from the prefragment and cause additional excitation
energy deposition. The abrasion-ablation formalism in this work is also extended to the
treatment of the single-particle nuclear wave functions for all stages. Although several
changes were made, this formalism is much simpler as it contains a few numerical
integrations and can be used to test nuclear structure inputs such as the one-body density
matrix.

The model calculations include up to third-order terms in the evaporation

cascade effects for projectile knockouts interacting with the projectile prefragment. The
production of nucleons from the decay of nucleon isobars is not included in the
calculations.
The sample calculations from Cucinotta et al. [26] showed in Figures 3.1 - 3.2 present
neutron production from 390 MeV/nucleon and 800 MeV/nucleon 20Ne beams colliding
with targets of NaF and Pb compared with the experimental data from Madey and
collaborators [73; 74]. (The NaF target is represented by 20Ne.) The calculations
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Figure 3.1: Comparison between calculations and experimental data for the energy
spectrum of secondary neutrons for 390 MeV/nucleon Ne colliding with NaF targets at 0°
in the laboratory frame. This work was originally presented in Cucinotta et al. [26].

Figure 3.2: Comparison between calculations and experimental data for the energy
spectrum of secondary neutrons for 800 MeV/nucleon Ne beams colliding with NaF and
Pb targets at 0° in the laboratory frame. This work was originally presented in Cucinotta
et al. [26].
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demonstrate that there is significant neutron production in both abrasion and ablation
stages and that there is good agreement with the experimental data for forward angle
neutron production. Note that the underestimates of neutron production below 200 MeV
in Figure 3.1 and 500 MeV in Figure 3.2 are primarily due to the neglect of the isobar
channel.

3.2. Work of Braley and collaborators
Braley et al. [11] improved the knockout-ablation model by incorporating coalescence
effects into the formalism and included the contribution of ablated nucleons from the
target prefragments. The basic assumption of coalescence is that during the knockout and
ablation stages there are some nucleons that share the same physical volume and
momentum space and they interact with each other to form heavier and more complex
particles such as deuterons, tritons, helions, and alphas. The details of the coalescence
formalism in UBERNSPEC are presented in the next chapter. The improved model was
used to calculate neutron production from several energies and reactions and compared
with the published measurements [73; 89]. The comparisons of neutron energy spectrum
of 135 MeV/nucleon

12

C and

12

C reactions at 0° and 50° in the laboratory are shown

Figures 3.3 and 3.4. Figure 3.5 also shows a comparison of the neutron spectrum for Ne
and NaF reaction at 390 MeV/nucleon at 0° in the laboratory. The open squares represent
the experimental data reported in [73; 89]; the filled squares represent the predictions
without coalescence; and the filled diamonds represent the predictions with coalescence
effects. Incorporating the coalescence effects into the abrasion-ablation model shows an
improvement of the neutron predictions from the abrasion-ablation model above the
beam energy per nucleons. There is some disagreement, however, between the
predictions from the improved model and the measurements at below beam energy. This
is probably due to the need to account for neutrons produced by isobar formation and
decay in the model.

In the overall aspect, the model demonstrates fair predictions of

secondary neutrons at the velocities greater than the incident beam velocity, except for
the 50° predictions in Figure 3.4.
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Figure 3.3: Comparison of predicted double differential neutron cross sections and
energy spectrum with measurement data for 135 MeV/nucleon 12C + 12C reaction at 0° in
the laboratory. The open circles represent experimental data; the filled squares are
calculations without the coalescence effect; and the filled diamonds are calculations with
the coalescence effects. This work was initially presented in Braley et al. [11].
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Figure 3.4: Comparison of predicted double differential neutron cross sections and
energy spectrum with measurement data for 135 MeV/nucleon 12C + 12C reaction at 50°
in the laboratory. The open circles represent experimental data; the filled squares are
calculations without the coalescence effect; and the filled diamonds are calculations with
the coalescence effects. This work was initially presented in Braley et al. [11].
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Figure 3.5: Comparison of predicted double differential neutron cross sections and
energy spectrum with measurement data for 390 MeV/nucleon Ne + NaF reaction at 0° in
the laboratory. The open circles represent experimental data; the filled squares are
calculations without the coalescence effect; and the filled diamonds are calculations with
the coalescence effects. This work was initially presented in Braley et al. [11].
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4.

CURRENT UBERNSPEC CODE STATUS

4.1. UBERNSPEC code
4.1.1 General description
Based on the knockout-ablation-coalescence formalism described in the previous chapter
the analytical computer code UBERNSPEC was developed. It is used for calculating the
Lorentz-invariant and double differential cross sections (energy and angle) of the
secondary neutrons and the composite particles produced in nucleon-nucleus and
nucleus-nucleus collisions.

The model has been programmed in the FORTRAN

computer language. It was initially developed on a VAX-11/785 minicomputer using the
VAX/VMS operating system at NASA Langley Research Center. The current version
operates on a standard personal computer using the Windows® operating system and is
executed using the Compaq Visual FORTRAN Compiler program. The present version
of the UBERNSPEC code involves both FORTRAN 77 and 90 languages. The code
consists of a main program, 40 subroutines, and 13 function modules, which are
combined into 3,380 lines of code. Figures 4.1.a and 4.1.b display the calling structure in
detail for the main program and all the subprograms (subroutines and functions).

4.2. General comparisons with NASA HZE fragmentation codes
Heavy-ion fragmentation collisions at high energy have been studied for the past 60
years, and several approaches to the solution of these HZE interaction processes have
been developed.

The development of accurate high-energy heavy-ion cross section

databases and libraries are necessary to obtain reliable space radiation shielding and
health risk assessments when using high-energy space radiation transport codes. There
are several analytical nuclear models and computational nuclear cross section codes
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Figure 4.1.a: Calling structure of the UBERNSPEC code for the main program,
subroutines and function modules. Note that the expansions of the ABRKOP, ABRKOT
and COAL subroutines listed in the oval in the upper right corner are shown in detail in
the next schematic (Figure 4.1.b)
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Figure 4.1.b: Calling structure of the UBERNSPEC code for the main program,
subroutines and function modules. In this diagram, the ABRKO, COAL and NSPECTAR
subroutines and their call function modules are clearly shown in detail. The call structure
of the NSPECPROJ and NSPECTAR subroutines in the upper left corner oval is
displayed in detail in Figure 4.1.a.
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related to high-energy heavy-ion fragmentation interactions developed by NASA
researchers. The first NASA library of heavy-ion cross sections was developed by
Wilson and Costner [111] [120]. In this section, discussions and comparisons will be
limited only to the NUCFRG2 [117; 120] and QMSFRG [27; 29] nuclear fragmentation
computational codes, which are currently used in the NASA space radiation transport
codes.
4.2.1. The NUCFRG2 model
NUCFRG2 is a semiempirical nuclear fragmentation computer program that predicts
nuclear fragmentation cross sections from the collisions of heavy nuclear fragments (A >
4). The NUCFRG2 model [117; 120] was based on the classical geometric overlapping
approach presented in the abrasion-ablation model by Bowman et al. [10]; the method
was extended by adding the following corrections: (1) a semiempirical higher-order
correction for the surface deformation energy of the abrasion products; (2)
electromagnetic dissociation effects which are important for interactions of heavy nuclei
at high-energy; (3) the nuclear transmission factor accounting for the mean free path in
nuclear matter; (4) the distributions of energy transfer across an interaction boundary; and
lastly (5) the Rudstam formalism [88] for approximating the final charge distribution of
the fragmentation products.

The current version by Wilson et al. [120] included

additional improvements, such as a maximum transmission factor in the overlap region,
pre-equilibrium emission of spectator nucleons in abraded fragments, a unitarity
correction for a target larger than mass number 63, and finally the semiempirical
correction for distortion in the surface energy for light projectiles.

Townsend and

Cucinotta [102] reported that the cross section predictions using NUCFRG2 yielded
general agreement within 25% with published experimental isotope production cross
sections.

Elemental production cross-section comparisons between predictions and

measurements had even better agreement. Miller [76] also suggested that although, the
NUCFRG2 accurately accounts for all the yields from both light ion and heavy ion
fragments produced by nucleus-nucleus collisions of nucleon mass number A > 4, it
poorly predicted the nuclear yields from light ion fragmentation interactions. There is a
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need to incorporate a correction for prediction production cross section from the
fragmentation of nuclei mass number 2, 3 and 4 into the current model. Since the
NUCFRG2 code is based on a semiempirical formulation, the resultant predictions are in
the form of total yields and production cross sections. The model does not include the
calculations of spectral or angular distributions for the secondary fragmentation, and as a
result it is limited to primary heavy-ion production. For future space applications using
three dimensional transport models, the contributions of secondary high-energy heavyion particles and light ions are essential and a means of incorporating differential energy
and angular production cross sections into the model is needed.
4.2.2. The QMSFRG model
The QMSFRG code was first presented in Cucinotta et al. [27] as a heavy-ion
fragmentation model for galactic cosmic rays studies. Unlike the NUCFRG2 code, which
extends some additional terms and corrections in the geometric overlap approach
describing the abrasion-ablation model [10], the QMSFRG model is based on the
quantum-mechanical multiple-scattering theory by Glauber [55]. The earlier works of
Cucinotta [24] and Cucinotta and Dubey [25], which relate to nuclear cluster production,
specifically the α-cluster knockout and proton production at large forward momentum,
help construct the analytical ground work for the QMSFRG code. The formulation for
treating the interactions of prefragment nuclei with the abraded target was derived by
using energy conservation in the abrasion process, a coherent approximation on the target
final states, and neglect of longitudinal momentum transfers [27]. In the more recent
work by Cucinotta and collaborators [29], modifications of the QMSFRG code were
presented by incorporating the production of light ions through the abrasion, ablation,
coalescence and nuclear cluster knockout processes. To some extent, this version of the
QMSFRG appears to be similar to the current UBERNSPEC code.

The resultant

fragmentation cross sections from the QMSFRG are expressed in form of total, angular
and energy dependent distributions.
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4.3. Modification of the UBERNSPEC code
As described in previous sections, Cucinotta et al. [26] derived a modified abrasionablation-FSI formalism with inclusive momentum distributions of the secondary
neutrons. Braley et al. [11] extended Cucinotta and collaborators’ approach by partially
incorporating coalescence effects into the model.

The FORTRAN program that

implemented this numerical model became known as the UBERNSPEC code. It was able
to calculate secondary neutron production for nucleon-nucleus and nucleus-nucleus
scattering interactions, including coalescence effects on the neutron distributions. In the
present work, significant modifications to improve the UBERNSPEC code include for the
first time: (1) the extension of the coalescence formulation to incorporate the effects of α
particle coalescence, (2) the extension of the coalescence model to actually predict
energy and angular distributions of light ions (deuterons, tritons, helions, and alphas),
and (3) extending the capabilities of the code to predict secondary particle production
cross section for collisions involving nuclei that have mass numbers greater than 68 were
made. To accomplish these tasks required
a. Reformulating the coalescence model in the code by developing the expressions
based on Lorentz invariant cross sections rather than double differential cross
sections.
b. Extending the code to include the contribution of α production in the coalesced
volume.
c. Finding and correcting coding errors in the ablation process especially involving
transformations between the frames of reference
In addition to the work listed above, the following changes were also needed
a. Find and correct errors in the abrasion process concerning transformation of the
laboratory angles of particles from the projectile and target
b. Extend the current UBERNSPEC calculations to mass numbers of the projectile
and target nuclei beyond 68
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c. Incorporate different p 0 values into the coalescence portion of the code and extend
it to calculate secondary neutron and light ion cross sections with these p 0 values
4.3.1. Modifications in coalescence subprogram
The main program in the UBERNSPEC code contains an operational CALL statement
which requests specific values from the subroutine COAL; in this particular case the
values of double differential and Lorentz invariant cross sections for light ion production
are returned. The subprogram COAL calculates these total cross sections for secondary
neutron production, as well as the production of deuterons, tritons, helions, and alphas in
energy and angular distributions using the coalescence formalism described in Chapter 2.
This is a new development that differs from the previous work by Braley and
collaborators [11].

The original subroutine COAL was completely reformulated to

include the contribution from α production.

In the previous version of the COAL

subprogram, incorporating alpha production into the calculations would have required
using complex arithmetic to obtain triple differential cross section, which was not done.
To correct these shortcomings and improve the accuracy of the predictions, the
expressions (47) and (48) were introduced to the COAL subroutine, and the program was
reformulated into a new subroutine, which did not require the use of complex arithmetic.
Unlike the previous version of the subroutine, which only estimated the effect of
coalescence on the neutron distributions, the current COAL subprogram is also now
capable of calculating light ion yields with energy and angular distributions and presents
them in terms of double differential and Lorentz invariant cross sections.

The revised

COAL subprogram is shown in detail in Appendix B.1.
Another modification in the COAL subroutine is the extension of light ion cross section
calculations using different critical radii of the momentum coalesced sphere p0 values that
were reported in several studies [1; 60; 62; 72; 79]. The critical radius p0 value appeared
in eq. (48) is an adjustable parameter obtaining by extracting the specific values from
each experimental reaction. Table 4.1 lists suggested p0 values for light ion calculations
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in high energy fragmentation interactions. In the original UBERNSPEC work, the p0
value of 90 MeV/c reported in Nagamiya et al. [79] was used. In this work, the values
reported by Awes and collaborators [1] and by Gutbrod and collaborators [62] are also
used for the calculations; the resultant comparisons are illustrated in the next chapter.
The detailed coding for different p0 values is described in subroutine COAL listed in
Appendix B.1

d

t

h

α

(MeV/c)

(MeV/c)

(MeV/c)

(MeV/c)

Gutbrod et al. 1976

129

129

129

142

Nagamiya et al. 1981

90

90

90

90

Awes et al. 1981

170

215

215

270

Authors

Table 4.1: The published experimental values of critical radius p0 (MeV/c) of momentum
sphere in coalescence volumes from various works are used for comparisons in this work.

4.3.2. Modifications in mass subprograms
The UBERNSPEC code was initially able to perform calculations of secondary neutron
production for projectile and target nuclei that have mass numbers up to 68. The current
code extended to compute cross sections of higher mass particles up to 238.

To

accomplish this, modifications of several subroutines and function modules, such as
expanding the mass table in the AMASS function subprogram and expanding boundaries
of some array variables in numerous function and subroutine subprograms were made.
For the sake of simplicity in the actual UBERNSPEC program, an external mass table file
was constructed and the mass data extracted by an OPEN statement in the AMASS
function. Appendix B.2 shows the details of coding in the AMASS function and B.4
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shows the mass table input data for the AMASS function.
Not only were the mass table and array boundaries extended to successfully complete the
mass number expansion process, additional values of skin thickness and half density
radius parameters were also needed. The values of these two parameters listed in the
AWSPAR subroutine are parameterized as a function of mass number.

The

parameterized functions for estimating skin thickness and half density radius are shown
in Figures 4.2 and 4.3, respectively.

The AWSPAR subprogram is called by the

AFORMWS subroutine (see Figure 4.1.b), which performs a parameterization of the
nuclear charged density distributions using a two-parameter Fermi or Woods-Saxon
function. This work follows the two-parameter Fermi formulation described in Maung et
al. [75] and uses the tabulated charge and density distribution parameters for elastic
scattering presented in De Jager et al. [35]. The detailed values of these two parameters
listed in the AWSPAR subroutine are presented in Appendix B.3

8.0

7.0

Skin thickness

6.0

5.0

4.0

y = 0.0662x + 2.5782
3.0

2.0

1.0

0.0
0.0

10.0

20.0

30.0

40.0

50.0

60.0

70.0

80.0

A1/3

Figure 4.2: Skin thickness values in fm as a function of mass number.
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Figure 4.3: Half density radius values in fm as a function of mass number.

4.3.3. Modifications in coding errors
4.3.3.1. Reference rest frame transformation corrections
In general, the evaluation of the scattering interaction takes place in the reference rest
frame of the nucleus that undergoes the fragmentation reaction. In the ideal situation, it
is assumed that this is the projectile, since most cross sections were measured and
reported in the laboratory reference frame. In previous work, target fragmentation was
calculated simply by interchanging the projectile and target nuclei. The previous version
of UBERNSPEC [11] calculated the ablation stage in the target by swapping the
projectile and target in the NSPEC subroutine. It was discovered during the course of the
present work, that the target spectra, rather than being calculated in the laboratory, were
actually calculated in a reference frame where the target was moving in the laboratory
with the projectile velocity. While attempting to modify the NSPEC coding to correct
this error, it became obvious that modifying NSPEC to handle both cases was more
straightforward and easily accomplished if the subroutine was revised to handle each case
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in separate versions, by dividing the NSPEC subroutine into a version for the projectile
(NSPECPROJ) and a separate version (NSPECTAR) for the target (see Figure 4.1.a).
4.3.3.2. Issue of improper behavior at intermediate angles
Another issue discovered during the reformulation of the UBERNSPEC code is the
improper behavior of energy dependent secondary neutron distributions at angles away
from the incident beam direction (the intermediate angles). To illustrate this strange
behavior, representative plots of total cross sections and abraded neutron cross sections
from each contribution: projectile and target are shown in Figures 4.4 - 4.6, respectively.
As seen in Figure 4.4, predictions of secondary neutron production cross sections at
broad angles in the laboratory frame have similar energy distribution shapes as the
measurements at small forward emission angles. Once the emission angle increases, the
peak of the predicted secondary neutron spectra moves toward higher beam energies,
rather than decreasing, causing the total neutron differential cross sections to be
significantly overestimated. These behaviors are obviously incorrect, as can be seen from
comparisons with the behaviors of typical experimental data at broad angles.
One attempt to resolve this issue involved separately calculating contributions of the
projectile and contributions from the target. The subprograms responsible for performing
these calculations are ABRKO and INQE. In the INQE subroutine, inclusive neutron
momentum distributions from the knockout process are calculated, and these values are
requested by the ABRKO subroutine and transformed into the proper forward directions.
In this work, the ABRKO and INQE subprograms were broken up into two parts for
calculations of abraded neutron spectra from contributions of projectile and target. The
reason behind this was an attempt to indicate the effects of projectile and target nucleons
on the knockout process in order to determine which of these lead to the improper
behavior of the cross sections at the intermediate angles. Clearly as illustrated in Figures
4.5 and 4.6, the projectile contributions dominate the emitted neutron spectral
distributions and lead to over-prediction of secondary neutron productions at high
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Figure 4.4: Distributions of Lorentz invariant cross sections for total secondary neutron at
various laboratory angles for 600 MeV/nucleon

20

Ne +

12

C reactions.

Line plots

represent the experimental data and symbols represent the calculations from the ABRKO
and INQE subprograms after separating the contributions of projectile and target. For
display purposes, both measurements [80] and calculations are multiplied by
multiplication factors of 10-13 – 1015.
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Figure 4.5: Distributions of Lorentz invariant cross sections for abraded neutron spectra
from projectile contributions at various laboratory angles for 600 MeV/nucleon
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calculations from the corresponding ABRKO and INQE subprograms.

For display
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factors of 10-13 – 1015.
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Figure 4.6: Distributions of Lorentz invariant cross sections for abraded neutron spectra
from target contributions at various laboratory angles for 600 MeV/nucleon
reactions.
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energies in the intermediate angles.

In these two figures, lines represent the

measurements from HIMAC accelerator experiment [80] and symbols are calculated
secondary neutron spectra from either contributions of projectile or target in the
corresponding ABRKO and INQE subprograms. To verify the changes in the calculated
results from the combined ARBKO and from separate (projectile and target) ABRKO
subprograms, the plot of secondary neutron spectra at 5º, 30º, 80º laboratory forward
beam angles for the same reactions is displayed in Figure 4.7. Note that although the
separation of the ABRKO and INQE subroutines (for projectile and target) yields no
change in resultant cross sections, it helps to simplify the coding and to understand better
the algorithm in the program.

Similar results in different reactions are shown in

Appendix C.1.
Since the incorrect behavior of the predicted neutron spectra at intermediate angles does
not appear to be the result of coding errors, the likely explanation for the odd behavior of
secondary neutron spectra at intermediate angle involves the fundamental formalism
applied in the original work by Cucinotta et al. [26]. In the initial derivation of the
underlying nuclear collision formalism developed by Cucinotta [18], a small angle
approximation was introduced to the optical potential series for elastic scattering process
at high energy in order to simplify the expansion by reducing some off-diagonal terms.
The author further applied the small angle approximation to the scattering amplitude by
assuming a small longitudinal momentum transfer which results in [18]
q ⋅ x ≈ q ⋅ b + O(θ 2 )

(49)

where θ is the scattering angle which is assumed to be small. As a result, the expression
of the scattering amplitude and the phase shift function reduced to eq. (7) and (10)
presented in Chapter 2.

This approximation has been embedded in the coding of the

algorithm in the UBERNSPEC program.

Reformulation of this approximation is

considered to be beyond the scope of the present work, since it would involve
reformulation the theory and completely reprogramming the knockout formalism in the
UBERNSPEC code.
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Figure 4.7: Distributions of Lorentz invariant cross sections for total neutron spectra at 5º,
30º and 80º laboratory angles for 600 MeV/nucleon
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12

C reactions. Line plots

represent the experimental data, diamonds represent the calculations from the combined
ABRKO and INQE subprograms, and asterisks are the calculations from separate
contributions of projectile and target in ABRKO and INQE subprograms. For display
purposes, both measurements [80] and calculations are multiplied by multiplication
factors of 10-4 – 104.
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5.

UBERNSPEC SAMPLE RESULTS

The purpose of these comparisons is to facilitate the discussion and to examine the accuracy
of the UBERNSPEC calculations with some benchmark experimental data. Currently, the
available published data used in this work are from Nakamura and Heilbronn [80], including
experimental results from these accelerators: HIMAC, BEVALAC and RIKEN and from the
BEVALAC experiments reported in Papp [84] As mentioned previously, the calculated cross
sections from the UBERNSPEC code are expressed in the form of double differential
spectral and angular yields or Lorentz invariant distributions, both in the laboratory reference
rest frame.

To convert from double differential cross sections to Lorentz invariant

distributions, the inverse expression exhibited in eq. (46) is used. Typical results obtained
from the UBERNSPEC code, presented in the following subsections, include plots of double
differential and Lorentz invariant cross sections.

5.1. Secondary neutron productions
Representative comparisons of secondary neutron productions are made for the following
reactions:
1. 135 MeV/nucleon 20Ne beam colliding with a 207Pb target
2. 337 MeV/nucleon 20Ne beam colliding with a 238U target
3. 390 MeV/nucleon 20Ne beam colliding with a NaF target
4. 400 MeV/nucleon 40Ar beam colliding with a 12C target
5. 400 MeV/nucleon 131Xe beam colliding with a 207Pb target, and
6. 600 MeV/nucleon 20Ne beam colliding with a12C target.
These neutron distributions are calculated at various laboratory angles, between 5° to
110°. The plots of Lorentz invariant cross section distributions are included in this
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section as well.
5.1.1. Reformulation of coalescence subprogram
5.1.1.1. Incorporation of α production contribution

After reformulation of the COAL subroutine in the UBERNSPEC code, a series of
calculations for secondary neutron production and light ion production cross sections for
various reactions were generated and compared with the measurements. One of the
sample calculations is the secondary neutron spectra from the reaction of 390
MeV/nucleon neon beams colliding with a NaF nucleus target. The experimental neutron
spectral distribution is from the work of Madey et al [73] as seen in Figure 5.1. The
comparison shows fairly good agreement between the calculations of the current code
with the measurements, especially at the peak of the beam energy. The current code,
however, shows some slight disagreement with the measured neutron spectra at higher
energies.

The secondary neutron spectra with and without coalescence effects are

displayed in Figure 5.2, as well as the measurements from [89]. Again, the comparison
shows that the current UBERNSPEC code produces slightly better predictions of the
secondary neutron cross sections particularly at the peak near beam energies, but tends to
slightly overestimate distributions at higher energies. The discrepancy at energies well
below the beam energy is primarily due to the neglect of the isobar formation and decay
channel in the current formalism. Including the isobar channel is beyond the scope of the
present work.
5.1.1.2. Development of Lorentz invariant cross sections
The reformulation of the coalescence subprogram also included formulating Lorentz
invariant cross sections in addition to double differential cross sections. The capability of
estimating cross sections using these two forms is necessary for the purpose of
facilitating the estimating of cross sections in different reference frames, and comparing
them with experimental data presented in those frames. Figure 5.3 displays overall
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momentum distributions (double differential and Lorentz invariant cross sections)
compared to measurements reported by [80] for 40Ar colliding with a 12C target. Note

Figure 5.1: Comparison of predicted double differential neutron cross sections and energy
spectra with measurements for 390A MeV Ne + NaF reactions at 0° in the laboratory.
The open circles represent experimental data [73]; the diamonds are calculations with the
coalescence effects from the previously modified UBERNSPEC code by [26]; and the
asterisks are calculations with the coalescence effects from the current code.
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Figure 5.2: Comparison of predicted double differential neutron production cross sections
and energy spectra with measurements for 135A MeV

12

C+

12

C reaction at 0° in the

laboratory. The solid line represents experimental data [89]; the diamonds are
calculations with the coalescence effects from the previously modified UBERNSPEC
code by [26]; and the open circles are calculations with the coalescence effects from the
currently modified UBERNSPEC code.
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Figure 5.3: Secondary neutron spectra at 5º laboratory angle for the reaction of 400
MeV/nucleon 40Ar colliding with 12C target compares with published measured data [80]
as shown in solid lines; the blue represents double differential cross sections (ddxs) and
red represents Lorentz invariant cross sections (linvxs). The calculations are represented
by filled squares for double differential cross sections and filled circles for Lorentz
invariant cross sections.
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that the significant discrepancy between these two figures below the beam energy is
probably due to the need to incorporate neutrons produced by isobar formation and
decay. More extensive studies on these topics are presented elsewhere [36, 95]. The
incorporation of isobar production and decay channels will be included in future work.
5.1.2. Extensions of mass number applicability
As mentioned previously, the main modifications for extending the UBERNSPEC coding
ability to handle mass numbers greater than 68 included: (1) extending the mass table in
the AMASS subroutine and making of a mass data file, and (2) extending array
boundaries and ranges of the nuclear skin thickness and half density radius parameters.
Figure 5.4 shows a sample calculation of secondary neutron production in term of
Lorentz invariant cross sections at 5º laboratory beam angle for the collision of 400
MeV/nucleon

131

Xe onto a

207

Pb target. In general, the UBERNSPEC code fairly good

agreement with the measurements, especially for the shape of the distributions.
However, there is some disagreement in the magnitudes of the cross sections. Figure 5.4
not only displays the total Lorentz invariant cross sections for secondary neutron, but it
include the separate contributions from the projectile, target and their sums from
knockout and ablation processes.

The discussions of their effects are presented in

subsequent sections. More of these sample calculations for various beam angles in the
forward direction are shown in Appendix C.1.
Figure 5.5 displays secondary neutron spectra at 30º laboratory angle for the interaction
of

20

Ne at 337 MeV/nucleon beam energy colliding with a

238

U target. Unlike the

secondary neutron spectrum in Figure 5.4, which is dominated by the contribution from
the ablation process, the secondary neutron spectral distribution from the neon and
uranium interaction in Figure 5.5 is dominated by the contribution from the knockout
process. One simple explanation is that when both nuclei are heavy, the spectator piece
(prefragment) has more nucleons in it and more excitation energy meaning that more
nucleons are emitted in the ablation process. On the other hand, when a projectile with
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Figure 5.4: Secondary neutron spectra at 5º laboratory angle for the reaction of 400
MeV/nucleon 131Xe colliding with a 207Pb target compared with published measured data
[80]. Separate contributions from the knockout stage (dash lines), the ablation stage
(diamonds), and their sums (asterisks) are indicated for the calculations.

The

contributions of projectile (open circles) and target (plus symbols) from knockout
processes are also explicitly displayed for the calculated results.
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Figure 5.5: Secondary neutron spectral distribution for the reaction of 337 MeV/nucleon
20

Ne colliding with a

238

U target at 30º laboratory angle compared with published

measured data [80] as shown in the solid line. Separate contributions from knockout
stage (dash lines), ablation stage (diamonds), and their sums (asterisks) for the
calculations are also displayed. The contributions of projectile (open circles) and target
(plus symbols) from the knockout process are also explicitly displayed for the calculated
results.
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less mass interacts with the heavy stationary target, the prefragment has a lower mass
number and excitation energy and therefore ablates fewer nucleons. Therefore, the
momentum distribution of neutrons produced in the knockout stage dominates the
neutron spectrum.
Note that there are disagreements between distributions produced by the calculations and
measurements as the laboratory angles increase. To demonstrate the breakdown between
the theoretical and experimental data, Figures 5.6 and 5.7 compare a series of calculated
neutron spectral distributions from previously mentioned reactions at different forward
laboratory beam angles with the measurements reported in [80].

In general, the

calculations show a fairly good agreement in the overall shape of neutron momentum
distributions with the experimental data at small forward beam angles, but they tend to
underestimate the predictions when the beam angles become larger.

This probably

results from small angle approximations and assumptions applied in the original
theoretical work. Once again, the discrepancy below the beam energy is mainly caused
by the lack of isobar formation and decay in the present work.
5.1.3. Improvements in the UBERNSPEC algorithm coding
5.1.3.1. Reference frame transformation modifications
Recall from Chapter 4 that modifications to the code were made to correct frame
transformation issues, particularly for the NSREC and ABRKO subprograms. In order to
illustrate the improvement in the predictions of secondary neutron production as a result
of splitting NSPEC into separate subroutines for the projectile and target, a series of
comparisons is made and shown in the following figures. Figure 5.8 shows a comparison
of secondary neutron momentum distributions before the modifications in the NSPEC
subprogram. Note that the contribution from the target clearly has the incorrect energy
distribution since it is centered about the beam momentum.

Figure 5.9 shows the

calculations after the modifications in the NSPEC subprogram.

Note that the

contribution from the target now appears to have the proper momentum distribution,
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Figure 5.6: Secondary neutron spectral distributions produced by the current
UBERNSPEC code for 400 MeV/nucleon

131

Xe colliding with

207

Pb target at various

laboratory forward beam angles compared with published measured data [80]. Solid
lines represent the experimental data and symbols represent calculated neutron spectral
distributions.
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Figure 5.7: Secondary neutron spectral distributions produced by the current
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U target at various

laboratory forward beam angles compared with published measured data [80]. Solid
lines represent the experimental data and symbols represent the neutron spectral
distributions.
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Figure 5.8: Secondary neutron Lorentz-invariant cross sections at 5º laboratory angle
from the reaction of 400 MeV/nucleon

40

Ar colliding with

12

C target compared with

published measured data represented a by solid line [80]. The calculation was based on
the UBERNSPEC code before the current modifications in the NSPEC subprogram.
Separate contributions of projectile (dash lines) and target (open circles) from ablation
process and their total (from knockout and ablation stages) as shown using asterisks are
explicitly displayed for the calculated results.
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Figure 5.9: Secondary neutron production Lorentz-invariant cross sections at 5º
laboratory angle from the reaction of 400 MeV/nucleon

40

Ar colliding with

12

C target

compared with published measured data [80] represented by a solid line. The calculation
was based on the UBERNSPEC code after the current modification in NSPEC
subprogram. Separate contributions of projectile (dash lines) and target (open circles)
neutrons from the ablation process and their total sum (from knockout and ablation
stages) as shown using asterisks are explicitly displayed for the calculated results.
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since it is a maximum at zero momentum (target at rest) and decreasing with increasing
momentum a behavior that is expected since the neutron spectra from the target are
mainly low energy particles that have evaporated from a source that is moving slowly in
the laboratory. Lastly Figure 5.10 shows the calculations after modification to both the
NSPEC and ABRKO subprograms. As expected, the improvement in the predictions
(strong agreement with the measurements) can be obtained by using the current code.
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Figure 5.10: Secondary neutron Lorentz-invariant cross sections at 5º laboratory angle
from the reaction of 400 MeV/nucleon

40

Ar colliding with

12

C target compared with

published measured data [80] represented by a solid line. The calculation was based on
the current UBERNSPEC code after the modifications to both NSPEC and ABRKO
subprograms. Separate contributions of projectile (dash lines) and target (open circles)
neutrons from the ablation process and their total sum (from knockout and ablation
stages) as shown using asterisks are explicitly displayed for the calculated results.
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5.2. Light ion production
The interactions of heavy charged particles at high energies can also produce momentum
distributions of light ions. For the first time, the ability of the current UBERNSPEC code
to calculate light ion momentum distributions is illustrated in this section.

The

comparisons are based on available experimental data from Papp et al. [84]. These data
are limited to small angles in the forward direction. Other reports on the measurements
of protons, deuterons, tritons, helions and alphas from nuclear fragmentation interactions
using different high-energy accelerators [4; 61; 65] are being mined for data and will be
incorporated into future analyses.
5.2.1. Construction of light ion momentum distribution
Figure 5.11 shows representative calculated light ion Lorentz-invariant momentum
distributions at 2.5º laboratory angle for the reaction of a 1.05 GeV/nucleon carbon beam
colliding with a carbon target. Although there are only few measured data presented for
comparisons, the general results show fairly good agreement especially for the spectrum
near the beam momentum.
5.2.2. Extension of coalescence calculations to various p0 values
The free parameter critical radius p0 values were presented in Table 4.1; these values were
derived from empirical analyses reported in various studies.

Calculations based on

parameterized p0 values from Nagamiya et al. [79] and Awes et al. [1] are used and the
light ion production cross section results compared with the measurements at 2.5° from
Papp [84] for the reaction of 1.05 GeV/c/nucleon carbon colliding with carbon and copper
targets, as shown in Figures 5.12 and 5.13, respectively. Note that the calculations based
on Awes and collaborators’ p0 values potentially yield higher prediction cross sections of
light ions than the ones that were used by Nagamiya and collaborators’ [79] (Figure 5.12).
The simple explanation for this behavior involves the constant R(Z, n) in eq. (48) where it
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is seen that the p0 value in the expression is raised to the cubic power in terms of mass
number. Hence, increasing in the critical radius values will cause the particle momentum
distributions to become larger since there is a higher probability that coalescence will
occur.
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Figure 5.11: Lorentz invariant cross sections at 2.5º laboratory angle of 2H(d), 2He(t),
3

He(h) and 4He(α) produced from the interaction of 1.05 GeV/nucleon 12C colliding with

a 12C target compared with published measured data [84]. Solid lines are the experimental
data, triangles are the proton spectral distribution, cross symbols are the deuteron spectral
distribution, squares are the triton spectra, asterisks are the helion spectra, and open
circles are the alpha distribution. Multiplication factors from 1012 – 10-4 were used to
separate the curves for illustrative purposes.
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Figure 5.12: Lorentz invariant cross sections at 2.5º laboratory angle of light ion
production for 1.05 GeV/nucleon

12

C colliding with a

64

Cu target compared with

published measured data [84]. The calculations are based on the critical radius p0 values
suggested by Nagamiya et al. [79]. Solid lines are the experimental data, triangles are the
proton spectral distribution, cross symbols are the deuteron spectral distribution, squares
are the triton spectra, asterisks are the helion spectra, and open circles are the alpha
distribution. Multiplication factors from 1012 – 10-4 were used to separate the curves for
illustrative purposes.
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Figure 5.13: Lorentz invariant cross sections of light ion production at 2.5º laboratory
angle for 1.05 GeV/nucleon

12

C colliding with a

64

Cu target compared with published

measured data [84]. The calculation is based on the critical radius p0 value suggested by
Awes et al. [1]. Solid lines are the experimental data, triangles are the proton spectral
distribution, cross symbols are the deuteron spectral distribution, squares are the triton
spectra, asterisks are the helion spectra, and open circles are the alpha distribution.
Multiplication factors from 1012 – 10-4 were used to separate the curves for illustrative
purposes.
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6.

CONCLUSIONS AND FUTURE WORK

In the previous chapter, representative predictions using the current UBERNSPEC code
were presented and compared with available experimental data.

In this chapter, a

summary of the UBERNSPEC reformulations, extensions, and other modifications are
described and suggestions for future improvements included.

6.1. Result discussion and conclusion
In the present work, significant modifications to improve the UBERNSPEC code,
including the extension of the coalescence formulation to incorporate the effects of α
particle coalescence, extend the coalescence model to actually predict energy and angular
distributions of light ions (deuterons, tritons, helions, and alphas) for the first time, and
extending the capabilities of the code to predict secondary particle production cross
sections for collisions involving nuclei that have mass numbers greater than 68 were
made. To accomplish these tasks required
a. Reformulating the coalescence model in the code by developing the expressions
based on Lorentz invariant cross sections rather than double differential cross
sections.
b. Extending the code to include the contribution of α production in the coalesced
volume.
c. Finding and correcting coding errors in the ablation process especially involving
transformations between the frames of reference. This involved separating the
NSPEC subprogram to separate subprograms for the projectile and target nuclei.
In addition to the work listed above, the following changes were also made
d. Finding and correcting errors in the abrasion process concerning transformation of
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the laboratory angles of particles from the projectile and target. This involved
separating the ABRKO subprogram into separate entities for the projectile and
target nuclei.
e. Extending the current UBERNSPEC calculations to mass numbers of the
projectile and target nuclei greater than 68
f. Incorporate different p 0 values into the coalescence portion of the code and extend
it to calculate secondary neutron and light ion cross sections with these p 0 values
g. Expand the comparison of results to additional published data especially for the
light ion production.
In general there is improved agreement between UBERNSPEC predictions and
measurements of neutron spectra for angles near the incident beam direction. Significant
discrepancies still exist for neutron production at broader angles, which appear to result
from the use of small angle assumptions and approximations in the underlying theoretical
model. There is also disagreement at forward angles between model predictions and data
for neutron energies several hundred MeV lower than the beam energy per nucleon
resulting from the neglect of the nucleon isobar formation and decay channel.
Correcting these shortcomings is an ambitious endeavor and is beyond the scope of the
present work.

6.2. Suggested future work
The UBERNSPEC code is a work in progress. There are the needs for key improvements
involving the physical theory underlying the present model. A few suggestions are:
1. Incorporate the isobar formation and decay channel. A more detailed description
of isobar production and decay are presented in papers by Deutchman and
Townsend [35; 94].
2. Correct the improper behavior of predicted neutrons spectra at intermediate angles
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away from the forward beam direction.

Due to the theoretical assumptions

embedded in the original work, correcting this problem is an extensive
undertaking since it requires reformulating the underlying theory and
concomitantly involves very extensive re-coding of UBERNSPEC.
3. Expansion of the coding output format. Now that the current code can produce
both double differential and Lorentz invariant cross sections, the future modified
code should also include output in the form of differential cross sections and/or
total fragment yields or cross sections.

This will enable the calculations to

compare with nuclear cross section data from other studies.
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APPENDIX A: optical limit approximation

The derivation in this appendix follows closely the original works by Braley et al. [11];
Townsend [94]; Watson [103]; Wilson [108]; and Wilson and Townsend [112].
Considering the multiple-scattering theory, the full Hamiltonian for the N nucleons
system with two-body potentials is given by

H = ∑ T j + ∑ Vi j + ∑ Tα + ∑ Vβ α + ∑ Vα j
i<j

j

α

β <α

(A1)

αj

where the Roman subscripts is the projectile, Greek subscripts is the target, T is the
kinetic potential energy and V is the interaction potential [112]. The transition operator
for scattering the α-constituent of the target with the j-constituent of the projectile is
defined as
tα j = Vα j + Vα j GTα j

(A2)

where G is the complete non-interacting systems Green’s function. The wave operator of
the α and j collision is defined as

ωα j = 1 +

∑ Gt β

( β , k ) ≠ (α , j )

k

ωβ k

(A3)

where ωα j is the wave operator that transforms the system from the entering free state
into the α and j collision state, and the second term in eq. (A3) represents the sum of the
all wave operators including from the initial free state to the scattering states of other β
and k constituents. The total wave operator becomes

Ω = 1 + ∑ G t α j ωα j .

(A4)

αj

Now considering the product of the relationship between the wave operator and the
potential, the expression is given as
Vα j Ω = tα j ωα j ,

(A5)

The total transition operator I is then defined as the summation of the α and j constituents

I = ∑ Vα j Ω =∑ tα j ωα j .
αj

(A6)

αj

By iteration of eqs. (A3) and (A6), the multiple-scattering series for the exact scattering
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problem is expressed as

I = ∑ tα j +
αj

∑t

αj
( β , k ) ≠ (α , j )

Gt β k + K .

(A7)

The Green’s function can be replaced by the free n-body Green’s function, G0, and then
the problem becomes the two-body scattering problem.

Next, the optical potential

approximation is applied to the transition operator as

I = I opt + ∑ tα j Gtα j + K .

(A8)

αj

and then applied the first order correction approximation as
I − I opt ≈

Vopt G Vopt
AP AT

.

(A9)

where AT and AP are the atomic weights of the target and projectile, respectively.
Wilson [108] presented the expansion of the optical potential approximation from the
usual Glauber optical limit model to correct the problem of convergence in the multiplescattering series. The optical limit correlation effect is improved within the context of the
eikonal scattering theory and appears to be accurate even for the light nuclei scattering.
From the detailed derivation in Wilson and Costner [109], the optical potential expression
is given as
W ( x) = AP AT ∫ d 3 z ρ T ( z ) ∫ d 3 y ρ P ( x + y + z ) t (e, y )

(A10)

where t is the average transition amplitude for two-body scattering
t =

[

1
N T N P t nm + Z T Z P t pp + (Z P N T + Z T N P )t np
AP AT

]

(A11)

and ρP and ρT are the projectile and target single particle number density distributions.
The probability of the collision is related to the optical potential of the profile function as
P AP (b, b ′) = e i [ χ ( b ) − χ ′( b′)

(A12)

where the Eikonal phase shift function is

χ (b) = −

AP AT
2π k NN

∫d

2

q e i q⋅b S P (q) S T (q) f NN (q)

(A13)
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with S(q) representing the one-body form factor and fNN representing the two-body
scattering amplitude as
f NN =

σ NN (α + i ) k NN − 12 B q
,
e
4π
2

(A14)

to which the parameter σNN denotes the two-body total cross section, kNN is the relative
momentum in two-body center of mass frame, B is the two-body slope parameter, and α
is the ratio of the real to imaginary part of fNN (q = 0).
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APPENDIX B.1: COAL subprogram

SUBROUTINE COAL(iat,iap,izt,izp,tnnlab,eel,plab,ne,dsunc,dxsd,dxst,dxsh,dxsa)
IMPLICIT NONE
REAL*8 pi,r0,sigma0,f,beta,delta,mu,amn,w,p0,tnnlab,gamma,eel(50),plab(50),
dxsd(50),dxst(50),dxsh(50),dxsa(50),dxsum(50),dscoal(50),dsunc(50),
cd(50),ct(50),ch(50),ca(50),tmp(50),deut_p0,trit_p0,helion_p0,alpha_p0
INTEGER iat,iap,izt,izp,ad,zd,nd,at,zt,nt,ah,zh,nh,aa,za,na,ntar,nproj,ie,ne,i
amn=939.57
PI=4.*DATAN(1.D0)
ntar=iat-izt
nproj=iap-izp
r0=1.26
c proton weitght factor is used for converting neutron xs to protons xs
w=(real(izt+izp))/(real(ntar+nproj))
c sigma0 is a parameterized absorption cross section in two forms:
c the nucleon-nucleus form is due to Wilson et. al. 1988
c the nucleus-nucleus form is due to Townsend et. al. 1986
IF ((iat.eq.1).or.(iap.eq.1)) THEN
f=1-0.62*Exp(-tnnlab/200)*Sin(10.9*tnnlab**(-.28))
IF (iat.eq.1) THEN
sigma0=f*45.*real(iap)**.7*(1.+0.016*Sin(5.3-2.63*Log(real(iap))))
else
sigma0=f*45.*real(iat)**.7*(1.+0.016*Sin(5.3-2.63*Log(real(iat))))
end if
else
beta=1.+5./tnnlab
delta=0.2+1./real(iap)+1/real(iat)-0.292*Exp(-tnnlab/792.)*
Cos(0.229*tnnlab**0.453)
mu=(real(iap)**(1./3.)+real(iat)**(1./3.)-delta)
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sigma0=10.*pi*(r0**2)*beta*(mu**2)
END IF
c p0 is the coalescence radius for the resultant nuclei (MeV/c)
c these are approximations of those used in Gutbrod et. al
c

deut_p0=129

c

trit_p0=129

c

helion_p0=129 (observed production of helions is lt tritons)

c

alpha_p0=140

c these values are from Awes et. al. (1981); helion interpolated
c

deut_p0=170

c

trit_p0=215

c

helion_p0=240 (approx)

c

alpha_p0=270

c Nagamiya et. al. (1981) suggested p0 of ~90
p0=90.0
deut_p0=129
trit_p0=129
helion_p0=129
alpha_p0=140
c Start looping to energies and values
c calculate proton invariant cross section from neutron invariant xs
c calculate Lorentz invariantxs for each fragment of interest
c set up dsunc as ddxs without coalescence effect
c Set up cases for each fragment of interest
c d=deuteron, t=triton, h=helion, a=alpha
DO 70 i=1,ne
plab(i)=((eel(i)**2)+(2*eel(i)*amn))**0.5
tmp(i)=(eel(i)+amn)*sqrt((eel(i)**2)+(2*amn*eel(i)))
zd=1
nd=1
ad=2
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cd(i)=((ad**2)/(zd*nd))*(w**zd)*((4.*pi*deut_p0**3./(3.*sigma0*
amn*plab(i)*tmp(i)))**(ad-1)
dxsd(i)=cd(i)*(dsunc(i)**ad)
zt=1
nt=2
at=3
ct(i)=((at**2)/(zt*nt))*(w**zt)*((4.*pi*trit_p0**3./(3.*sigma0*
amn*plab(i)*tmp(i)))**(at-1)
dxst(i)=ct(i)*(dsunc(i)**at)
zh=2
nh=1
ah=3
ch(i)=((ah**2)/(zh*nh))*(w**zh)*((4.*pi*helion_p0**3./(3.*sigma0*
amn*plab(i)*tmp(i)))**(ah-1))
dxsh(i)=ch(i)*(dsunc(i)**ah)
za=2
na=2
aa=4
ca(i)=((aa**2)/(za*na))*(w**za)*((4.*pi*alpha_p0**3./(3.*sigma0*
amn*plab(i)*tmp(i)))**(aa-1))
dxsa(i)=ca(i)*(dsunc(i)**aa)
dxsum(i)=dxsd(i)+0.5*dxst(i)+dxsh(i)+0.5*dxsa(i)
dscoal(i)=dsunc(i)-dxsum(i)
70 CONTINUE
RETURN
END
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APPENDIX B.2: AMASS function

FUNCTION AMASS(AIN,ZIN)
IMPLICIT NONE
REAL*8 ain,zin,x(300,0:120),am(58,0:30),amp,amn,a0,r0,pex,yex,amass,am0,
ai,zi,av,as,ac,fk,xindex
INTEGER nold,ia,iz,i,j,a,z
CHARACTER(LEN=1) :: element,charge
CHARACTER(LEN=10):: massnum
DATA NOLD/0/
IF(NOLD.GT.0)GO TO 1
DATA AM/1798*0./
DATA AV,AS,AC,FK/15.68,18.56,0.717,1.79/
DATA AMP,AMN/938.6,939.57/
A0=0.546
R0=1.2049
PEX=7.28897
YEX=8.07132
X(2,1)=13.135
OPEN(unit=7,file='masstable1.dat',status='old',readonly)
READ(7,*) element,charge,massnum
90

READ(7,*,END=100) i,j,xindex
X(i,j) = xindex
GOTO 90

100

CONTINUE
DO 200 I=1,300
DO 200 J=0,120
IF(J.GT.I) GO TO 200
IF(X(I,J).eq.0) X(I,J)=(I-J)*YEX+J*PEX
85

200 CONTINUE
NOLD=1
1 CONTINUE
AM0=AIN*931.4
IA=IFIX(SNGL(AIN))
IZ=IFIX(SNGL(ZIN))
IF(IZ.GT.IA)RETURN
IF(IZ.LT.0) RETURN
AMASS=AIN*931.4+X(IA,IZ)
CLOSE (7)
RETURN
END
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APPENDIX B.3: AWSPAR subprogram

SUBROUTINE AWSPAR(IAN,C,T)
implicit none
REAL*8 C,T
INTEGER ian
select case(ian)
case(4)
t=0.327
c=1.01
case(9)
t=0.49
c=2.35
case(12)
t=0.49
c=2.39
case(15)
t=0.498
c=2.334
case(16)
t=.513
c=2.608
case(19)
t=0.564
c=2.59
case(20)
t=0.569
c=2.47
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…..………………
…………………..
…………………..
case(209)
t=0.56
c=6.64
case(238)
t=0.606
c=6.8054
case default
t=0.0
c=0.0
end select
IF(C.EQ.0.AND.IAN.LT.40)C=3.4
IF(T.EQ.0.AND.IAN.LT.40)T=0.54
IF(C.EQ.0.AND.IAN.GT.40)C=0.0662*IAN+2.578
IF(T.EQ.0.AND.IAN.GT.40)T=0.00005*IAN+0.556
RETURN
END
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APPENDIX B.4: mass table database

A Z Mass(MeV)
1 0 8.071
1 1 7.289
2 1 13.136
3 1 14.95
3 2 14.93
4 1 26.0
4 2 2.425
4 3 25.32
5 1 38.49
5 2 11.39
5 3 11.68
6 1 41.86
6 2 17.59
6 3 14.09
6 4 18.37
7 2 26.11
7 3 14.91
7 4 15.77
7 5 27.87
8 2 31.6
8 3 20.95
8 4 4.94
8 5 22.92
8 6 35.1
9 2 40.82
9 3 24.95
9 4 11.35
9 5 12.42
9 6 28.91
10 3 33.44
10 4 12.61
10 5 12.05
10 6 15.7
10 7 39.7
11 3 40.79
11 4 20.17
11 5 8.67
11 6 10.65
11 7 24.96
12 4 25.07
12 5 13.37
12 6 0.0001
12 7 17.34
12 8 32.06
13 4 35.2
13 5 16.56
13 6 3.13
13 7 5.35
13 8 23.11
14 4 39.88

14
14
14
14
14
15
15
15
15
15
15
16
16
16
16
16
16
17
17
17
17
17
17
17
18
18
18
18
18
18
18
19
19
19
19
19
19
19
19
20
20
20
20
20
20
20
21
21
21
21
21

5 23.66
6 3.02
7 2.86
8 8.01
9 33.61
5 28.97
6 9.87
7 0.1
8 28.55
9 16.78
10 41.39
5 37.14
6 13.69
7 5.68
8 -4.74
9 10.68
10 23.99
5 43.72
6 21.04
7 7.87
8 -0.81
9 1.95
10 16.49
11 35.17
5 52.32
6 24.92
7 13.12
8 -0.78
9 0.87
10 5.32
11 25.32
5 59.36
6 32.83
7 15.86
8 3.33
9 -1.49
10 1.75
11 12.93
12 31.95
6 37.56
7 21.77
8 3.8
9 -0.02
10 -7.04
11 6.85
12 17.57
6 45.96
7 25.23
8 8.06
9 -0.05
10 -5.73

21
21
21
22
22
22
22
22
22
22
22
22
23
23
23
23
23
23
23
23
24
24
24
24
24
24
24
24
24
25
25
25
25
25
25
25
25
26
26
26
26
26
26
26
26
26
27
27
27
27
27

11 -2.18
12 10.91
13 26.12
6 52.58
7 32.08
8 9.28
9 2.79
10 -8.02
11 -5.18
12 -0.4
13 18.18
14 32.16
7 37.74
8 14.62
9 3.33
10 -5.15
11 -9.53
12 -5.47
13 6.77
14 23.77
7 47.04
8 18.97
9 7.54
10 -5.95
11 -8.42
12 -13.93
13 -0.06
14 10.76
15 32
8 27.14
9 11.27
10 -2.06
11 -9.36
12 -13.19
13 -8.91
14 3.83
15 18.87
8 35.16
9 18.29
10 0.43
11 -6.9
12 -16.21
13 -12.21
14 -7.14
15 10.97
16 25.97
9 25.05
10 7.09
11 -5.58
12 -14.59
13 -17.2

27
27
27
28
28
28
28
28
28
28
28
28
29
29
29
29
29
29
29
29
29
30
30
30
30
30
30
30
30
30
31
31
31
31
31
31
31
31
31
32
32
32
32
32
32
32
32
32
32
33
33

14 -12.39
15 -0.75
16 17.51
9 33.23
10 11.28
11 -1.03
12 -15.02
13 -16.85
14 -21.49
15 -7.16
16 4.07
17 26.56
9 40.3
10 18.02
11 2.62
12 -10.66
13 -18.22
14 -21.9
15 -16.95
16 -3.16
17 13.14
10 22.24
11 8.59
12 -8.88
13 -15.87
14 -24.43
15 -20.2
16 -14.06
17 4.4
18 20.08
10 30.84
11 12.66
12 -3.22
13 -14.95
14 -22.95
15 -24.44
16 -19.04
17 -7.06
18 11.3
10 37.18
11 18.3
12 -0.8
13 -11.06
14 -24.08
15 -24.31
16 -26.02
17 -13.33
18 -2.18
19 20.42
11 25.51
12 5.2
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………………………………
………………………………
………………………………
………………………………
………………………………
234
234
234
234
234
235
235
235
235
235
235
235
236
236
236
236
236
236
237
237
237
237
237
237
237
238
238
238
238
238
238
238
239
239
239
239
239
239
239
240
240
240
240
240
240
240
241
241
241
241

91
92
93
94
95
90
91
92
93
94
95
96
91
92
93
94
95
96
91
92
93
94
95
96
97
91
92
93
94
95
96
97
92
93
94
95
96
97
98
92
93
94
95
96
97
98
93
94
95
96

40.34
38.14
39.95
40.34
44.51
44.25
42.32
40.91
41.04
42.2
44.74
48.05
45.34
42.44
43.38
42.89
46.17
47.88
47.64
45.38
44.87
45.09
46.82
49.27
53.21
50.76
47.3
47.45
46.16
48.42
49.38
54.34
50.57
49.3
48.58
49.38
51.09
54.36
58.28
52.71
52.32
50.12
51.5
51.71
55.66
58.03
54.26
52.95
52.93
53.7

241
241
241
242
242
242
242
242
242
242
243
243
243
243
243
243
243
243
244
244
244
244
244
244
244
245
245
245
245
245
245
245
246
246
246
246
246
246
246
247
247
247
247
247
247
247
248
248
248
248
248
248
248
249
249
249

97 56.1
98 59.35
99 63.9
93 57.41
94 54.71
95 55.46
96 54.8
97 57.8
98 59.33
99 64.94
93 59.92
94 57.75
95 57.17
96 57.18
97 58.68
98 60.9
99 64.86
100 69.4
94 59.8
95 59.87
96 58.45
97 60.7
98 61.47
99 66.03
100 69.05
94 63.1
95 61.89
96 61.0
97 61.81
98 63.38
99 66.43
100 70.21
94 65.39
95 64.99
96 62.61
97 63.96
98 64.08
99 67.97
100 70.12
95 67.23
96 65.53
97 65.48
98 66.13
99 68.6
100 71.52
101 76.1
95 70.49
96 67.38
97 68.1
98 67.23
99 70.29
100 71.89
101 77.15
96 70.74
97 69.84
98 69.72

249
249
249
250
250
250
250
250
250
251
251
251
251
251
251
251
252
252
252
252
252
252
253
253
253
253
253
253
253
254
254
254
254
254
254
255
255
255
255
255
255
255
256
256
256
256
256
256
257
257
257
257
257
257
257
258

99 71.17
100 73.61
101 77.32
96 72.98
97 72.94
98 71.16
99 73.27
100 74.07
101 78.7
96 76.64
97 75.22
98 74.13
99 74.5
100 75.98
101 79.05
102 82.83
97 78.53
98 76.03
99 77.29
100 76.81
101 80.7
102 82.87
97 80.8
98 79.29
99 79.01
100 79.34
101 81.3
102 84.48
103 88.73
98 81.33
99 81.99
100 80.9
101 83.58
102 84.72
103 89.87
98 84.78
99 84.08
100 83.79
101 84.83
102 86.85
103 90.09
104 94.55
99 87.15
100 85.48
101 87.61
102 87.82
103 92.01
104 94.25
99 89.4
100 88.58
101 88.99
102 90.22
103 92.73
104 96.15
105 100.46
100 90.46

258
258
258
258
258
259
259
259
259
259
259
259
260
260
260
260
260
260
261
261
261
261
261
261
261
262
262
262
262
262
262
263
263
263
263
263
263
264
264
264
264
264
264
265
265
265
265
265
265
266
266
266
266
266
266

101
102
103
104
105
100
101
102
103
104
105
106
101
102
103
104
105
106
101
102
103
104
105
106
107
102
103
104
105
106
107
102
103
104
105
106
107
103
104
105
106
107
108
103
104
105
106
107
108
104
105
106
107
108
109

91.68
91.52
94.91
96.39
101.84
93.7
93.62
94.12
95.93
98.38
102.2
106.85
96.6
95.6
98.34
99.24
103.8
106.6
98.4
98.5
99.62
101.45
104.43
108.38
113.45
100.2
102.3
102.55
106.54
108.6
114.68
103.2
103.77
105.0
107.39
110.5
114.86
106.5
106.3
109.63
111.11
116.35
119.82
108.2
108.8
110.7
113.11
116.82
121.63
110.4
112.99
114.03
118.72
121.7
128.39
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APPENDIX C.1: Secondary neutron sample results
C.1.1. 95 MeV/nucleon 40Ar + 207Pb collisions
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Figure C.1.1: Distributions of Lorentz invariant cross sections of total secondary neutron
at various laboratory angles for 95 MeV/nucleon

40

Ar +

207

Pb reactions. Line plots

represent the experimental data and symbols represent the calculations from the ABRKO
and INQE subprograms after separating the contributions of projectile and target. For
display purposes, both measurements [79] and calculations are multiplied by
multiplication factors of 10-9 – 108.
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Figure C.1.2: Distributions of Lorentz invariant cross sections of abraded secondary
neutron from contributions of projectile at various laboratory angles for 95 MeV/nucleon
40

Ar + 207Pb reactions. Line plots represent the calculations from the ABRKO and INQE

subprograms before separating the contributions of projectile and target and symbols
represent the calculations after separating the contributions of projectile and target. For
display purposes, both calculations are multiplied by multiplication factors of 10-9 – 108.
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Figure C.1.3: Distributions of Lorentz invariant cross sections of abraded secondary
neutron from contributions of target at various laboratory angles for 95 MeV/nucleon
40

Ar + 207Pb reactions. Line plots represent the calculations from the ABRKO and INQE

subprograms before separating the contributions of projectile and target and symbols
represent the calculations after separating the contributions of projectile and target. For
display purposes, both calculations are multiplied by multiplication factors of 10-9 – 108.
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C.1.2. 400 MeV/nucleon 40Ar + 12C collisions
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Figure C.1.4:
colliding with

Lorentz invariant neutron cross sections of 400 MeV/nucleon

40

Ar

12

C target at 10º laboratory forward angle from both measurements and

calculations. Separate contributions from the knockout stage (dash lines), the ablation
stage (diamonds), and their sums (asterisks) are indicated for the calculations. The
contributions of projectile (open circles) and target (cross symbols) from knockout
processes are also explicitly displayed for the calculated results. The experimental data
are reported in [79].
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Figure C.1.5:
colliding with

Lorentz invariant neutron cross sections of 400 MeV/nucleon

40

Ar

12

C target at 40º laboratory forward angle from both measurements and

calculations. Separate contributions from the knockout stage (dash lines), the ablation
stage (diamonds), and their sums (asterisks) are indicated for the calculations. The
contributions of projectile (open circles) and target (cross symbols) from knockout
processes are also explicitly displayed for the calculated results. The experimental data
are reported in [79].
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C.1.3. 337 MeV/nucleon 20Ne + 238U collisions
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Figure C.1.6: Secondary neutron spectral distribution displayed as double differential
cross sections for the reaction of 337 MeV/nucleon

20

Ne colliding with a

238

U target at

30º laboratory angle compared with published measured data [79] as shown in the solid
line. Separate contributions from knockout stage (dash lines), ablation stage (diamonds),
and their sums (asterisks) for the calculations are also displayed. The contributions of
projectile (open circles) and target (plus symbols) from the knockout process are also
explicitly displayed for the calculated results.
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